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THE DIAGONAL ENTRIES IN THE FORMULA
‘QUASITRIANGULAR — COMPACT = TRIANGULAR’,
AND RESTRICTIONS OF QUASITRIANGULARITY

DOMINGO A. HERRERO

ABSTRACT. A (bounded linear) Hilbert space operator T is called quasitriangular if
there exists an increasing sequence { P, };°. of finite-rank orthogonal projections,
converging strongly to 1, such that |(1 — P,)TP,|| » 0 (n — o). This definition,
due to P. R. Halmos, plays a very important role in operator theory. The core of this
article is a concrete answer to the following problem: Suppose 7 is a quasitriangular
operator and I' = {A;}%, is a sequence of complex numbers. Find necessary and
sufficient conditions for the existence of a compact operator K (of arbitrarily small
norm) so that T — K is triangular with respect to some orthonormal basis, and the
sequence of diagonal entries of T — K coincides with T'. For instance, if no
restrictions are put on the norm of K, then T and I" must be related as follows: (a)
if A is a limit point of T and Ay — T is semi-Fredholm, then ind(A, — T) > 0;
and (b) if Q is an open set intersecting the Weyl spectrum of T, whose boundary
does not intersect this set, then { j: A; € @} is a denumerable set of indices.

Particularly important is the case when T = {0,0,0,...}. The following are
equivalent for an operator T (1) there is an integral sequence { P, }%°_, of orthogo-
nal projections, with rank P, = n for all n, converging strongly to 1, such that
(1 = P)YTP, ]| = O (n = o0); (2) from some compact K, T — K is triangular,
with diagonal entries equal to 0; (3) T is quasitriangular, and the Weyl spectrum of
T is connected and contains the origin. The family (StrQT)_;, of all operators
satisfying (1) (and hence (2) and (3)) is a (norm) closed subset of the algebra of all
operators; moreover, (StrQT)_; is invariant under similarity and compact perturba-
tions and behaves in many senses as an analog of Halmos’s class of quasitriangular
operators, or an analog of the class of extended quasitriangular operators (StrQT),,
introduced by the author in a previous article.

If { P, }*_o is as in (1), but condition |1 — P,)TP, || = 0 (n — o0) is replaced
by () |1 = P, )TP,, 1]l = 0 (k = o0) for some subsequence {n, }¥-,, then (1)
is equivalent to (3'), T is quasitriangular, and its Weyl spectrum contains the origin.
The family (QT)_; of all operators satisfying (1’) (and hence (3")) is also a closed
subset, invariant under similarity and compact perturbations, and provides a differ-
ent analog to Halmos’s class of quasitriangular operators. Both classes have “m-ver-
sions” ((StrQT)_,, and, respectively, (QT)_,,, m = 1,2,3,...) with similar proper-
ties. ((StrQT)_,, is the class naturally associated with triangular operators A such
that the main diagonal and the first (m — 1) superdiagonals are identically zero, etc.)

The article also includes some applications of the main result to certain nest
algebras “generated by orthonormal bases.”
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1. Introduction. Suppose that an operator A4, acting on a complex separable
infinite dimensional Hilbert space J, admits a triangular matrix (a;;)°;,_; with
respect to an orthonormal basis of # (that is, a;; = 0 for all i > j). The sequence
d(A) = {a;;};2, of all diagonal entries of A necessarily satisfies certain inclusion
relations with respect to the spectrum o(A4) of 4 and its different parts. In order to
make this clearer, we shall need some notation; ¢,(7T") (0,(7)) is the left (right,
respectively) spectrum of the operator T. If £ (5#) denotes the algebra of all
(bounded linear) operators acting on J#, J'(J¢) denotes the ideal of all compact
operators, and & (H#) = L (¥ )/H () is the quotient Calkin algebra, then

0,(T) = the spectrum of the canonical image, T, of T in &7 (#)

is the essential spectrum of T; o.(7T) is the union of the left essential spectrum,
0,.(T), and the right essential spectrum, o,(7T), of T. The intersection, 0, .(T) =
0,.(T) N o, (T), of these two sets is called the Wolf spectrum of T; its complement,
pop(T) = C\ 0,.(T) is the semi-Fredholm domain of T.

Finally, we denote by 0,(T') and o,(T') the point spectrum of T and, respectively,
the set of all normal eigenvalues of T. (A € o(T) is a normal eigenvalue if A is an
isolated point of o(7T) such that the corresponding Riesz subspace, S#(A\; T), is
finite dimensional; equivalently, A is an isolated point of o(7T)\ 6.(T). The reader
is referred to [11, Chapter 1; 19] for the analysis of these different pieces of the
spectrum, as well as for the definition and properties of semi-Fredholm operators:
o w(T) = (A € pp(T): ind(A = T)> 0}, pi(T) = {\ € px(T): ind(A — T)
< 0}.)

With this notation in mind, we have the following result. (In order to simplify the
notation, we shall write d(A4) to denote both the sequence of all diagonal entries of
the triangular operator 4 and the set {A € C: A =g for some j>1}. No
confusion will arise.)

PrOPOSITION 1.1. (See [10 and 11, Corollary 3.40).) If A is a triangular operator
with triangular matrix (a;;)7°;_1 (with respect to some orthonormal basis of #’) and
diagonal sequence d(A) = {a,;}72,, then

(1) d(4) € o(A) = 06,(A) = 0,,.(A) U pJr(A) U 0y(A4), so that ind(A — A4)> 0
forall A € p_p(A).

(ii) Every nonempty clopen subset of o( A) intersects d(A), and every component of
0(A) intersects d(A)~, the closure of d(A). Furthermore, if o is a clopen subset of
o(A) such that 6 N o(A) # @, then card{j: a; €0} = N,

(iii) Every isolated point of o(A) belongs to d(A). Moreover, if A € o,(A), then
card{j: a;; = A} = dim #(A; 4).

(v) If ker(A — A)* + (0}, then A € d(A), so that 0,(A*) is an at most denumer-
able subset of d(A)* = {A: A € d(A)}.

It is easily seen that an operator A is triangular with respect to some orthonormal
basis (ONB) of its underlying space if and only if there exists an increasing sequence
{ P,}x_, of finite-rank orthogonal projections such that P, — 1 (strongly, as n — o0),
and P,AP,= AP, foralln =1,2,....
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P. R. Halmos introduced the important notion of quasitriangularity [8]: T €
L(3) is quasitriangular if there exists a sequence {P,}%_ ; as above such that
TP, — P,TP,|| - 0 (n — c0). Every triangular operator is quasitriangular, and
every quasitriangular operator T is the sum of a triangular operator 4 and a
compact operator K; moreover, given ¢ > 0, K can be chosen so that ||K|| < € [9].

In [15], the author extended the notion of quasitriangularity to consider limits of
‘almost-triangular’ (in a certain precise sense) operators. An important piece of
information for the study of this extended quasitriangularity was the partial analysis
of the possible location of the diagonal entries of the triangular operators obtained
from a small compact perturbation of a given quasitriangular one. The main result
of this article is the (essentially) most complete possible answer to that question:

Given a quasitriangular operator 7, &> 0, and a sequence I' = {A;}%; of
complex numbers such that

(l’) Ir'c olre(T) U psTF(T) v oO(T);

(i) every nonempty clopen subset o of o(T) intersects I', and card{ j: A, € o} =
N, whenever 6 N 0,(T) # &; and

(iii") card{ j: A; = A} = dim #(A; T) for each normal eigenvalue A of T,

then there exists K, € X' (), with ||K || < g, such that 4, = T — K, is a triangular
operator whose diagonal sequence d(A) coincides with the sequence I'; furthermore,
K, can be chosen so that A4 |#(A; A,) is similar to T | #(A; T) for all A € oy(T).

Indeed, a slightly better (but more technical) result will be proven. For instance,
(i’) can be relaxed to this condition:

I € 0,(T) U [interior o(T)]U 0i(T), and T'n (A €
po.r(T): ind(A — T') = 0} only accumulates on the boundary,
90.(T), of the essential spectrum of T.

(See §2 below. The last section of the article is devoted to a partial analysis of the
analogous problems for the cases when the orthonormal bases are totally ordered by
some denumerable set of indices, not necessarily equal to the set N of all natural
numbers.)

As a corollary of this construction (for the particular case when I' can be chosen
equal to the sequence {0,0,0,...}), it will be shown that those results (Theorems 1
and 1*) proved in [15] for two different versions of extended quasitriangularity have
almost completely symmetric versions for ‘restricted quasitriangularity.’” It will be
assumed that the reader is familiar with the results contained in this reference.

Unfortunately, in order to explain these phenomena, we must introduce some new
notation. Let #(5#) denote the family of all finite-rank orthogonal projections in
L(H#), P(H#) is a directed set partially ordered by the relation P < Q if
ran P C ran Q. The modulus of quasitriangularity of T € £ (5f) is the nonnegative
number ¢(7T') defined by

o(T) = Jiminf (1~ P)TP|= lim { inf 1 - 0)TOI}.

P(H)\P<Q
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The following are well-known equivalent statements for 7T in £ () (see, for
example, [11, Theorem 6.4]):

(i) T belongs to the class (QT) of all quasitriangular operators;

(ii) there exists a (not necessarily increasing) sequence { P,}5_; in %(5¢) such
that P, — 1 (strongly) and ||(1 — P,)TP,|| = 0,as n = oo;

(i) ¢(T) = 0;

(iv) T is the norm-limit of a sequence of triangular operators;

(v)ind(A = T)> Oforall A € p _p(T);

(vi) T can be decomposed as T = A + K, where A is triangular and K is compact

(vi), given & > 0 there exists K, € X' (J¢), with ||K || < ¢, such that 4, =T — K,
is triangular.

Furthermore, dist[ R, (QT)] = q(R) for all r in £ ().

Moreover, it readily follows from the equivalence of (i) and (vi) that (i) is also
equivalent to the more stringent condition:

(i) there exists {P,}>_, C P (), such that P, —» 1 (strongly, as n — oo; in
symbols: P, 11), rank P, = n for all n=0,1,2,..., and |1 — P,)TP,|| > 0 (n —
0).

Following this model, and [15], we shall say that 4 € £ () is (—m)-triangular if
there exists {P,}, C #(), with P 11, such that rank P, = n and
(1-P)AP, , =0foralln=0,1,2,..., thatis, A admits a matrix representation
of the form A4 = (a;;)°;—, with a,; =0 for all j <i+ m, with respect to some
ONB of . A sequence {P,}3_,C P(s) satisfying the above conditions is
obviously a maximal chain in #(#) and every maximal chain in £ () converging
strongly to 1 has that form.

An operator A will be called almost (-m)-triangular if there exists a maximal
chain {P,}3 , C #(s), withP,11, and a subsequence {n,}¥., such that
Q-P,)AP, ., =0forall k=1,2,....

Clearly, every (-m)-triangular operator is almost (—m)-triangular, but the con-
verse is false. (If R is an orthogonal projection of infinite rank and nullity, then R is
almost (—m)-triangular for all m > 1, but R is (—m)-triangular for no value of m.)

Imitating the definition of quasitriangularity, we shall say that T is strictly
(—-m)-quasitriangular (class (StrQT)_,) if |1 — P)TP,, |l = 0 (n = o) for some
maximal chain { P}, C #(5), with P, 11, and a subsequence { n, }¥_, such that
A= P,)TP, .l > 0(k = 0)(m=12,...).

In the same vein, we define the modulus of strict (-m)-quasitriangularity strq_,,(R)
of an operator R € Z(¢) by

strq_,(R) = inf{ limsup |(1 = B,)TB,..,|: {B,)720 € 2(#), B, 11,
is a maximal chain} s

and the modulus of (-m)-quasitriangularity q _,(R), by
R)= liminf {inf|{(1 — P)TP’||: P’ C P(H#), P’ > P,rank(P' — P) =m .
a_w(R) = Jiminf {int](1 - P)TP'[: P’ 2(5¢) rank(P’ = P) = m}
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We have the following chains of inclusions:
- C (StrQT)_(m+1) € (StrQT)_,, € --- < (SrQT)_, < (StrQT),
= (QT) c (StrQT), c --- < (StrQT),, € (StrQT) ,,.1 C -+,
-+ € (QT)-(m+1y € (QT)_ € -+ < (QT)_; € (QT),
=(QT)c (QT), ¢ --- € (QT),, € (QT) s C -+,

and (StuQT)_,, € (QT)_,, for all m = 1,2,..., where (StrQT),, and (QT),, are the
classes defined in [15]. (All the inclusions are proper, as we shall see immediately;
(QT)_,, is not included in (StrQT)_,, for any p > 0.)

For the first restriction of quasitriangularity, we have the following result. (Recall
that an operator A is essentially normal if A¥*4 — AA* is compact.)

THEOREM 1.2. For each m > 1, the following statements are equivalent for T in
L(H#):

(str-i)_,, T € (SuQT)_,,.

(str-ii) _,,, There exist { P,}_q, { R, }o_o € P (), with R, 11, such that {R,}7_,
is a maximal chain, and ||P, — R,|| = 0 and ||1 — P,)TP,,,ll = 0 (n — o0).

(str-iii)_,, strq_,,(T) = 0.

(str-iv) _,,, T is the norm-limit of a sequence of operators of the form A + F, where A
is (—m)-triangular and F has finite rank. (Furthermore, if 6,(T) = &, then T is
actually a norm-limit of (m)-triangular operators.)

(str-v)_,,, The Weyl spectrum o, (T):= 0.(T) U pS(T) U px(T) of T is a con-
nected set containing the origin, ind(A — T) > 0 for all A € p (T), and either T is
not a semi-Fredholm operator, or T is semi-Fredholm with ind T > m.

(str-vi)_,, T can be decomposed as T = A + K, where A is (-m)-triangular and K is
compact. (Furthermore, if oy(T)= @, then given ¢ > 0, K can be chosen so that
1K < &)

(str-ix) _,,, There exists a unilateral shift S,, defined by Sye,, = e, ., with respect to
an ONB {e, }>_, of 3, such that |1 — P,)S"TP,|| — 0 (n — o0), where P, denotes
the orthogonal pi-ojection of 5 onto the subspace V{e,,e,,...,e,} spanned by the first
n vectors of the basis (n = 1,2,...).

Furthermore, if m > 2, then each of the above statements is also equivalent to the
following one:

(str-xi)_,,, For some (for all) j,1 < j < m, there exist C; € X () and a subspace
S, invariant under T — C;, such that this operator admits a representation of the form

TL\#

T=G=lo 4|wex

J

where T, € £(X)) is an essentially normal (-j)-triangular operator and A, €
L(H# © ) is (j — m)-triangular; moreover, if j > 2, then T, is unitarily equivalent
to the direct sum of j essentially normal (-1)-triangular operators.

Furthermore,

dist[ R, (StrQT)_,,] = strq_,,(R) forallR € Z(¥).
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The enumeration of the statements of Theorem 1.2 corresponds to the analogue
enumeration of the statements of Theorem 1 of [15], to help with the comparison
between two “symmetric” results. The absence of statements (str-vii) _,,,, (str-viii)_,,,,
(str-viii)_,, ,, (str-x)_,,, (str-xii)_,,, and (str-xii)_,, . (analogous to the corresponding
statements of [15, Theorem 1]) is due to the fact that we do not have, for
(—m)-triangularity, a property symmetric to m-multiplicity. A similar observation
applies to Theorem 1.22 below. (Compare with Theorem 12 of [15].)

For the second restriction of quasitriangularity, we have the following results.

THEOREM 1.2%. For each m > 1, the following statements are equivalent for T in
L(H):

@).. T € @QT)_,.

(ii)_,, There exists {P,}7_,, {P.}7, C P(#) such that P, < P, and
rank(P, — P)=mforalln =1,2,..., P, = 1, P, — 1 (strongly, but not necessarily
increasingly) and |1 — P,)TP)|| = 0, asn = co.

(iii)_,, q_,(T) = 0.

(iv)_,, T is the norm-limit of a sequence of almost (—m)-triangular operators.

(V) _,. T is quasitriangular, and either 0 € 6, .(T), or 0 € p/(T) and ind T > m.

i)_,, T = A + K, where A is almost (—m)-triangular and K is compact.

(V) _,,.. Given & > 0, there exists K, € X' (K), ||K || <&, such that A,=T — K,
is almost (—m)-triangular.

(ix)_,, T € (QT) and there exists a unilateral shift S of multiplicity one such that
S™T € (QT).

(xi)_,, For some (for all) j, 1 <j < m, there exist C; € X' (#) and a subspace
, invariant under T — C; such that this operator admits an operator matrix de-
composition of the form
L L
0 4,

%

T-C = He X

J

where T, € L (#)) is an essentially normal (-j)-triangular operator and A; €
L(H © H)) is almost (j — m)-triangular. (In particular, if j = m then A, is triangu-
lar). Moreover, if j > 2, then T, is unitarily equivalent to the direct sum of j essentially
normal (~1)-triangular operators, and oy(T;) = .

(xi)_,,, . Given € > 0, for some (for all) j, 1 <j < m, there exists C; € X (),
with ||C|| < e, such that T — C; admits the representation of (xi)_,, satisfying the
conditions of that statement.

Furthermore,

dist{R,(QT)_,.] = q_,(R) forallR € Z(¥#).

A large part of this article was developed during two informal seminars on
operator theory held at the University of California at San Diego during the
summers of 1983 and 1984 and (slightly weaker versions of) the results were
announced in Chapter 13 of the monograph [2]. The author is deeply indebted to
Professors J. Agler, J. A. Ball, L. C. Chadwick, L. A. Fialkow, J. W. Helton, and
M. B. Pecuch for many helpful discussions.
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2. On the formula ‘quasitriangular — small compact = triangular’. Following C.
Apostol [1)], we define for T in £ () and A in p p(T),

minind(A — T) = min{nul()\ — T),nul(A — T)*},

where nul R = dimkerR.

We shall say that A is a regular point of the semi-Fredholm domain of T (in
symbols: A € p/(T)) if the function p — minind(p — T') is constant on some
neighborhood of A; pfp(T) = p.p(?)\ pop(T) is the set of all singular points of the
semi-Fredholm domain of T.

Before establishing the most general result about the diagonal entries of a
triangular compact perturbation of a quasitriangular operator, it is convenient to cite
in full length two results of Apostol’s article, which will be heavily used in the
proofs.

Given T € Z(#), let H#(T)= V {ker(A —T): X € p[ x(T)}, let H#(T)=
V{ker(A — T)*: A € p[.g(T)}, and let S (T) be the orthogonal complement of
H(T) + 5#,(T). Denote the compression of T to S£(T), #,(T), and #,(T) by T,,
T,, and T, respectively.

THEOREM 2.1 [1, 11, Theorem 3.38]. (i) #.(T') is orthogonal to #,(T), so that
H=H(T) ® #)(T) & #/T).

(i) H(T) and H(T) ® #,(T) are invariant under T, so that T admits a 3 X 3
upper triangular matrix representation

T, = *
T= 0 TO *
0 0 T

with respect to the above decomposition, where

(iii) T, = T | #,(T) is a triangular operator, o(T,) = o(T,) = 0.(T,) U px(T}),
o(T,) is a perfect set, every component of o,.(T,) intersects the set o,(T,)" and
0, (T,*)= B, so that p ¢(T,) = @ and minind(A — T,) = 0 for all X € p,x(T)),
and

(iv) T, is the adjoint in £ (#,(T)) of the triangular operator T* | #(T), o(T)) =
6.(T)) = 0, (T)) VU p, x(T)), o(T)) is a perfect set, every component of o, .(T,) inter-
sects the set [0,(T;*)"1*, and 0,(T)) = @, so that p_ x(T}) = @ and

minind(A — 7)) =0 forall A\ € p, ¢(T}).

Furthermore,

M) A= Pyo-1y (A€ pop(T)) is a continuous function for X in p{ x(T) and
discontinuous for A in p}_(T);

() pp(T) € C\[0,(T,) U o,(T))};

(vii) pLp(T) € p(Ty) = C\ o(Ty);

(viii) p5_p(T') C 04(To);

(ix) 0(T) < p(T,) N p(T)) N 0o(Tp);

() if A is a finite subset of p} ¢(T), then T is similar to T ® T, where T, acts on a
finite dimensional subspace, 6(T,) = A and A C p] o(T}).
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In what follows, we shall write 4 ~ B (A = B) to indicate that 4 and B are
similar (unitarily equivalent, resp.) operators. If ¢ is a nonempty clopen subset of
o(T), then 5#(o; T) will denote the Riesz spectral subspace corresponding to o (if
o = {A} is a singleton, we continue to write J#(A; T') to simplify the notation). For
each subspace # of »°, T, denotes the compression of T to .#; that is,
T,=P,T|#, where P, denotes the orthogonal projection of 5 onto #. As
usual, 4 ® B will denote the direct sum of the operators 4 € #(s,) and B €
L (5#,), acting in the usual fashion on the orthogonal direct sum 52, ® 5, of the
underlying spaces. For each cardinal a, 0 < @ < R, A is the direct sum of «
copies of A, acting on the orthogonal direct sum 5 (® of a copies of # (A4 €
L(H)).

THEOREM 2.2 [1, 11, Theorem 3.48; 12]. Let T € £ () and let € > 0; then there
exists K € () such that

IK|| < e + 4 max{dist[A, 0.(T)]: A € 0,(T)}
and
minind(T + K —A) =0 forall A € p, (T).
In particular, o(T + K) = o,,(T).

Indeed, ad hoc modifications of the proof of Theorem 2.2 (see [1, 11, §3.4]) show
that we can construct, for instance, K € X' (5¢), with |K|| < ¢, such that T + K
has the same normal eigenvalues as 7, and K ‘erases’ part, but not all, of the
singular points of p{p(T)\ oy(T). It is not difficult to see that the points of ¢,(T")
cannot be removed with small compact perturbations, while all the points of
Pir(TYN0o(T) = ple(T) N [interior o(T')] can be removed at once with an arbi-
trarily small compact perturbation. On the other hand, it is impossible to add a
singularity at a regular point A of p,z(7T") such that minind(A — T') = 0, by using a
very small, not necessarily compact, perturbation. In this sense, {A € p p(T):
minind(A — T) = 0} is a highly stable part of p p(7T) (under small compact
perturbations).

For each h, ~c0 < h < 00, we write p"o(T) = {A € p,p(T): ind(A — T) = h}.

Following C. Apostol [1, 11, §3.4], we shall say that T € £ () is a smooth
operator if

minind(A — T) =0 forall A € p (7).

If T is smooth, then o(7T") = 6,,(T); in particular, p{(T) = 0,(T) = 2.
Now we are in a position to state the main result of this article.

THEOREM 2.3. Let T be a smooth quasitriangular operator, and let T' = {A;}%2, be
a sequence of complex numbers such that

D) A;€0(T) forallj=1,2,...,
and

(i) every nonempty clopen subset o of o(T) satisfies card{ j: A; € 6} = R,

Given € > 0, there exists K, € A (), with ||[K || <&, suchthat A=T—- K, isa
smooth triangular operator with d(A) = T.
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For arbitrary (i.e., not necessarily smooth) operators, we have the following
general result:

COROLLARY 2.4. Let T € (QT), and let T = {A;}2, be a sequence of complex
numbers such that

(1) 0o(T) C T C 01, (T) U pf(T) U 0(T) U [interior{ p2(T) N o(T)}];

(ii) every nonempty clopen subset o of o(T) intersects T, and card{ j: A; € 0} = N,
unless o is a (necessarily finite) subset of o,(T);

(ii)) card{ j: A; = A} = dim H#(A; T) for each A € oo(T);

W IL={Ael: A e interior[p? r(T') N o(T)]} is a finite ( possibly empty) or
denumerable sequence whose limit points belong to d0.(T);

(v) T includes a finite ( possibly empty) or denumerable subsequence T, such that
every N in T, is a point of

[026(T) N({A € pop(T): minind(A = T) = 0} )]\ oo(T).
Moreover, if N €T, and T ~ T, & T, (with the notation of Theorem 2.1(x)), then A
is associated with some nonzero invariant subspace M, of T, (in a sense that will be
made clear below), and card{A; € I': A; = A} = dim A, and
(vi) T also includes a finite ( possibly empty) or denumerable subsequence

I°c p(T) N({A € pLp(T): minind(A — T) > 0} ),

T'0 does not accumulate in p (T, each X in T is associated with a given operator R,
acting on a nonzero finite dimensional space %,, and

card{}\j €p): A= )\} = dim Z,.

Then, for each € > 0 it is possible to find K, € XA '(H#), with || K || < &, such that

(1) 4 =T — K, admits a triangular matrix (a;;)7°;-, with respect to a suitable
ONB{e;}72, of #;

(2) the diagonal sequence d(A) = {a;;};_, of A coincides with the sequence T’

(3) 6(4) = 0, (T) U p5(T) U 0o(T) U (A, € T% ind(A, — T) = 0);

@) if A, = {A€oy(T): dist[A,0.(T)] > ¢}, then #(A; A)=H(A;T), and
A|H#DGA)=T|H#(A,;T);

5) if AN€oy(T), then dimH#(A; A) = dimH#(N\;T), and A|¥#(A; A) ~
T|#\T);

©6)if \€T,, then A € pip(A), and A ~ A, ® A}, with A, ~ T\ | A ; and

(D if A€ TY, then A € pSp(A) and A ~ A, & A}, with Ay ~ R,.

Since the operator 4 = T — K, of Corollary 2.4 is triangular, it readily follows
from Proposition 1.1 that pf (A4) = 0,(T) U T, U T'Y, and that the singular behavior
associated with a singular point A € p{(A4) is exactly the one described by (5)-(7)
of that theorem. Comparison between Corollary 2.4 and Proposition 1.1 will
convince the reader that Corollary 2.4 describes, essentially, the most general answer
that we can expect for our problem. Of course, a small compact perturbation of T
can produce, for instance, a triangular operator A such that o,(A4) is a finite subset
of 6,(T) (‘push’ each of the points in 0,(T)\ 4, to a nearest point in d¢,(T")!), or a
triangular operator A all of whose normal eigenvalues have multiplicity one, etc.
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However, the diagonal of any triangular operator obtainable from 7 by a small
compact perturbation can now be easily described with the help of Theorem 2.2 and
Corollary 2.4.

On the other hand, the most complete answer to the analogous problem for the
case when we allow compact perturbations of arbitrarily large size is given by the
following corollary. The proof is an (easy) exercise, and will be left to the reader.
(Observe that, by Proposition 1.1, interior {A € p, z(A4): min ind(A — 4) > 0} = &
for all triangular 4.)

CoROLLARY 2.5. Let T € (QT), and let T = {A;}52, be a sequence of complex
numbers such that

(a) all the limit points of T belong to 0,,,(T) U p/e(T), and

(b) if Q is an open set such that @ N [0, (T) VU p)(T)] = @, but 3Q N [0,(T)
U pfe(T)] = O, then card{j: A, € @} = R,

Then there exists K € X' (#°) such that A = T — K is triangular with diagonal
sequence d(A) =T.

Conversely, if C€ X (H#) and B =T — C is triangular, then the diagonal se-
quence d(B) of B necessarily satisfies (a) and (b).

In the remainder of this section, we shall reduce the proof of Corollary 2.4 to that
of Theorem 2.3. First of all, it will be shown that the condition d(4A) =T (as a
sequence) can be somehow relaxed. Indeed, the following lemma frees us from the
tyranny of a particular ordering of the elements of T

LEMMA 2.6. Suppose that A € L () admits a matrix representation of the form

Aboap oay - - ay; €
Ay ay - - a,; €
A3 . . . a3j e3
A=
0 A e;

with respect to some ONB {e;}%2, of #, and let m be a permutation of the set N of all
natural numbers (i.e., a bijective mapping of N onto itself). Then A also admits a
representation of the form

}‘w(l) b12 b13 blj f1
7\"(2) by tUe b2/‘ h

e A lfsf |
0 Aaiy f’

with respect to an ONB { f;}7%, of #.
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PrOOF. Define g, = e,. It is easily seen that, for each # > 1, we can inductively
find a nonzero vector g, in

{V{e}j"-l N ker(A, _A)h}\V{81’82,~~,gh—1}-

Let { f, }%-1 be the Gram-Schmidt orthonormalization of the sequence { g,,(x)}5-1,
and let # = V{ f, }%-,. Clearly, # is invariant under 4, and

Mo h
Any * f
A,
AR = o {3 :
0 Aochy I

It only remains to show that # = 5’; equivalently, we have to prove that e¢; € #
forall j=1,2,.... ’
Given J, let m be the first index such that {7(h)}7_; D {1,2,..., j}; then
Z=N{fitrea2V{fitr-r= V{gﬂ(h)}:;l >V {g}.1=V{e},2 e;.
Hence, Z=5¢. O
First reduction. Let T, T and £ > 0 be as in Corollary 2.4. Given 6,0 < § < ¢/10,
let Ay = {A € 0y(T): dist[A,0,(T)] > 8}, and let #; = H# (A4 T); then we have
the decomposition
r=|B *|% F,®R
“\o Ry|w¥eR, 0T
where Fy = T |%#;,and Ry ~ Ty = T |3#(o(T)\ Ag; T). Clearly,
pLe(T5) = pLe(T)\ A,
and
minind(A — T;)* = minind(A — T)*
for all A € p_(T)\A;, and for all k=1,2,..., whence we deduce that the
singular behavior of R associated to each point p of pl z(R;) is exactly the same as
the singular behavior of T associated to p (described by Theorem 2.1(vi)—(x)).
Let 2, = {A € p{p(T): A = A, for some A; in T}, and dist[A, 0,.(T)] > 8}.
By Theorem 2.1(x), there exists W invertible in £ (¢ © %;) such that
R} e{ ® TA}]W‘I,
AeZ;
where T, is defined as in Theorem 2.1(x), and pl(R) = pLr(R;)\ 24; then
A+ Q) * |\ A
T)\ = ’ 1
0 A+ Q) A
where Q,, Q3 are nilpotent operators acting on the finite dimensional spaces ./,
and, respectively, ;.

R8=W
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For each A € 2, we can find X & p{(T) such that
A= X]<s/(Iw]-IIw-1).
If
A+ 0y * M\
0 N+ Q4| M

then || T\ — TY||=A—=X', T"~(A+Q,)® (X" + Q;), and we can find a
finite-rank operator K; such that %#; reduces K, K, | %#; = 0,

" o_
1) =

_ ’” . . -1
Il < max |75 = 7} -4 -1 ) <,

and
F; *
T-K, = 8 %s
K=y ow R;e{ ® T{}]W'l #o Ry
AES;

F * * |\ R
0 0 Ss| # (R & Fy)
where C(25) ~ @, 3 (A + 0,),and S, ~ R; @ (@, ., (X" + Q).
Observe that
05(Ss) C 304, (T) 5:= { A € C: dist[\,d0,.(T)] < 8}.
By Theorem 2.2 and its proof (see [1, 11, §3.4]), there exists K, compact, with
[IK,|l < 8, such that #; & F; reduces K,, K, |%; & %; = 0, and
Fy * * | R
T—(K,+K,)=]0 C(Z5) *|%
0 0 S§|re(#e0%)
where pSp(Sy) = pip(T) N [06,.(T)]ls, and minind(A — S§)* = minind(A — T)*
forall A € p p(S5)\{As U 25}, and forall k = 1,2,....
Second reduction. Let

B

b

T \H#(S5)
Si=10 T, =*|#/(S5)
0 0 Tla(s)

be the triangular representation of S; given by Theorem 2.1 (with T replaced by Sy),
and let G5 be a cyclic operator acting on a space of finite dimension m, such that
0(GB) c I‘SO \ [aolre(T)]s-
By Theorem 2.2 and its proof (see the above references), we can find an invariant
subspace # 5 of T,, dim # ; = m, such that
- G; = )Jl s

r

0o 1)E(s)emy VGO
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and K; compact, with || K;|| < 8, such that

F * * * * * Ry
0 C(Z5) » = *x * |5
0 0 Gy * =  x |MAs
T-(K,+K,+K;)= 0 o 0 TV . |oer(s))
0 0 0 0 Ty = |H(S)
0 0 0o o o 17)#"(S)
where J#7(Sy) C [H(S5) © M 5), K/ (S5) © H(S5), H#5'(S5) 2 H#5(S5), and
T” = *
minind| A=[0 Ty % [{=0
o o0 TV

for all A € p, (T)\ pLp(Ss). (The subspace H#,"(S;) ® #,'(Ss) reduces K, and
K, = 0 on the orthogonal complement of this subspace.)

Now it is not difficult to see that, if G; is cleverly chosen, we can find a finite-rank
operator K, € #(5¢), with ||K,|| < 8, such that .# 5 reduces K,, K, | # 4 = 0, and

T-(K,+K,+K;+K,)

Fs Fy, Fi35 = * * \ &

0 C(35) Fus = * * | S

0 0 Gy« * * | As
o0 0 T Ty, Tu,|t(S3)

0 0 0 0 Ty Tyn,sl|(S5)

0 o0 0 0 0 T | #y(S5)

where G§' ~ @ {R): A € T2\ [004,(T)]5}. (The details of the choice of the right
G5 and the right K, are straightforward and will be left to the interested reader, if

any!)
Thus
(6 g\rex,
T (K1+K2+K3+K4)—(0 As)% ,
where ¥ © i = Z; & S ® A ;5 is a finite dimensional subspace,
Fs Fiy, Fi3 5\ 2, T Tyhs T, %"(SS/)
Co=1|0 C(25) Fps|S, and A4;=|0 T Ty, |%(S5);
0 0 Gsfr "”8 0 0 T[// ‘)fl”(SoS,)
moreover, T — (K; + K, + K; + K,) ~ C5 & A;, pip(Ads) = pie(T) N

[aolre(T)]Sa
minind(A — 4;) =0 forall X € p(4;),
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and
minind(A — 4,)* — minind(A — 4,)*""
= minind(A — T)* — minind(X — T)*""

for all A € p{(4;), and forall k = 1,2,3,.

Third reduction. Since plp(As) C [ao,,e(T)]s [004.(A)]5, We can use J. G.
Stampfli’s argument in order to find a compact normal operator K! € £ (%), with
I|K$|| < 6, such that 45 — K¢ is a smooth operator. (Roughly speaking, K/ ‘pushes’
each A in pfp(A4s) to one of its nearest points in d0,.(4;); see [22], or [11,
Proposition 3.45] for details.)

Fourth reduction. Let T = {A;}%2, be the sequence of Corollary 2.4, and let
I'" = {X;}72, be the subsequence obtained from I after deleting the finitely many
terms corresponding to the diagonal entries of a triangular matrix representation of
the operator C;. To each X; in I we associate a point p’; € a(A4;)\ 6o(4s),
according to the following rules. Let Ty be the subsequence of I' consisting of all
those A ’s such that A ; € 6,(A4;)(I; € I'"!); then:

(1) if X; € T, U T, UT?, we define y as some point in 30,,(A;s) (= 30,,(T))
such that |X; — )| = dist[X}, 01, (T)];

(Q)if N; & T, U T, U T, weset p; =N,

Let = = {p}}32,. Assume that Theorem 2.3 is true; then we can combine this
result with Stampfli’s construction [22] in order to find an operator K/ € X' (%),
with ||K(|| < 28, such that 45— K/ is a smooth triangular operator with matrix
(a};)7?j=1 such that d(4, — K¢) = {a};};2, coincides with E. (Take K§ = K¢(1) +
K¢(2), where K{(1) is a compact normal operator that ‘pushes’ X’; to p for all
X; € T, UT, UT), and then use Theorem 2.3 to construct a suitable K((2), with
IKg(D]l < & and || K5(2)]] < 8.)

Fifth reduction. Now, with the help of Theorem 2.2, we can construct K € X' (%),
with ||K7|| < 28, which ‘pulls’ p’; back to X, for all X; € I, U [ U I'? in such a
way that

Ay = Ay = (K + K5) = (@)

ali=aj,ifi#j(=0ifi>j)ori=jbut N;& I[5UTL, UT,

aj" =N,if X, € ;U T, UTY, pip(4y) = {X; X, € T;UT,UT’}, and

Ay ~ AN o }\(C'”(")) for each A € C such that A = X, for some X, in T U T,
U T2, where A & pf (A5 (A)), A(C™M) is ‘A times the 1dent1ty operator on C’”"‘)
and

dims#(N\;T), fAeTy,
m(A) = { dim 4#,, if AeTl,,
dim Z,, if A el

Sixth reduction. Finally, by a straightforward construction (by modifying ‘point
by point’ in p{r(A%)) we can find K € X'(;), with ||K{|| < 8, such that the
operator By = A — K admits a triangular matrix (b;;){°;,_, (with respect to a
suitable ONB of ;) with diagonal sequence d(B,) = {b;}%, =d(45)=1T",
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pSe(Bs) = plp(A5) = (N2 X, € T;UT,UT?}, and B, ~ Bj(\) @ Bs()) for each
A in p{z(Bjs), where minind(A — B§(A)) = 0, and
T|#(AT), AT,
Bs(X) is similar to { T |4, if \eT,,
R,, if Ae T
Let K, = L}_ K, where K, = O, o . ® K/ for r = 5,6,7,8; then K, € A'(),
1Kl <108 < ¢ and

H# o K,
Hy

G G

~ Cs @ B,.
0 B, s @ Bs

A=T—m=(

Since d(B;) = I'" and C; has a triangular matrix whose diagonal entries coincide
with the finite sequence (I'\ I'’), it follows from Lemma 2.6 that A admits a
triangular matrix (a,;); ;- with diagonal sequence d(A4) = {a;}?2, =T; ie, 4
has the properties (1) and (2) of Corollary 2.4. Furthermore, it is not difficult to
check from the above construction that A4 also has properties (3)—(7) (use Proposi-
tion 1.1).

Thus, we have reduced (in a very concrete way!) the proof of Corollary 2.4 to that
of Theorem 2.3.

3. ‘Smooth quasitriangular — small compact = smooth triangular’. This section is
devoted to proving Theorem 2.3.

LEMMA 3.1. Let T € £ (5¢), and let Q = interior - be a nonempty bounded open
set such that 3Q C 0,(T) and Q™ C 0., (T) U 6,(T). Given & > 0 there exist K, €
A (), with ||K || < &, and an essentially normal A such that 6(A) = @7, ¢,(A4) = 3%,
ind(A —A)=nul(A—A)=1 forall A € Q, and

satisfies
minind(T — K, — A\)* = minind(7 — A)*
forall A € p_p(T), and forallk = 1,2, ....

PRrOOF. It is not difficult to check that @~ is actually a subset of 0..(7) U 0,(T,),
where T, = T | 5#,(T) (as in Theorem 2.1).
By Voiculescu’s theorem, there exists K, € )" (J), with || K;|| < &/4, such that

N By,
0 B22 ’

where N is a given normal operator such that o(N) = 0.(N) = 9, and ¢(B,,) C
o.(T') (see [11, Chapter 4; 23]; the precise form of N will be described below).

Let {Q;} be an enumeration of the components of Q; for each i, choose w; € &,
and p, a representing measure for w, supported by 9%, [7]. Now we define
N = M(3Q2)), where M(3Q2) =‘multiplication by A\’ acting on L*(3%, ), where

T-K, = TGB(
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p =X,27', Thus,

M.(32) Z
0 M_(3Q)

H*(39)

M(30) = ( 12(3Q, 1) © H2(39)

(where H?(9Q2) denotes the closure in L*(0L, p) of the rational functions with poles
outside £ 7), and (by Theorem 2.1)

M. (02) ( Z 0 ) * *
T, * = (0) M_(3Q) 0 *  *
T-K,=|(0 T, *|e 0 0 NO® *
0 0 T 0 0 0 N x
0 0 0 0 B,
(M_(aﬂ) 0) 0 *
0 N
Z 0 M. (32) 0 0
= 0 0 0 T. 0 *
00 0 0 N
TO * N =
0 o (7)ol a
Vv 0 =
=|Z" R =* |,
O 0 7"1//
where
Z 0
V=M (3Q)®N, Z'={0 0|, R=M,32)eT, &N,
0 0
and

i K LI A N UCAREES))

Observe that R is quasitriangular, 6(R) C a(T)\ 6,(T'), and o,(R) = J; there-
fore, we can find K, € ¥ (), K, = 0 ® K; & 0, with ||K,|| < &/4, such that

Vv 0 =\
T—(K,+K,)=|2 R * |8,
0 0 ]‘vl/l f:;

where R’ = R — K is triangular with respect to an ONB { f;}%2; of J,, with
d(R’) = {r;}%,, and o(R’) C 0, (T) (use [15, Proposition 4.4, 2, Proposition
13.11)).
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Let P, denote the orthogonal projection of 5, onto V{ f}, f,,..., f,}. Since Z’ is
compact [3, 11, §4.1}, we can find n = n(e) so that |1 — P,)Z’|| < ¢/4. For this n,
we have

V 0 0 *

’ ’ '#O
PZ R, ,
s

0 0 0 T,
where ), = | @ ran P,, /) =, © ran P,, R” = Ry, R, = R'|ran P,, and

0 0
K,=|(1-P)Z" 0
0 0
is compact, with || K;|| < ¢/4.
Clearly,
V *
W= (P,,Z' R,

is a quasitriangular finite-rank perturbation of V' & 1., » . In particular, M_(3R), V
and W are essentially normal operators [3, 11, §4.1] and, if » is large enough,
oo(W) c 0, ,, (use the upper semicontinuity of the spectrum [11, Chapter 1, 19)).
By using Stampfli’s argument [22], we can find a normal compact operator K, = K
® Oy ® 0y, with ||K,|| < €/4; such that 4 = W — K, satisfies our requirements,
and
A Ty,
K, = (0 Tn)
(where K, = K, + K, + K; + K, € X' (), and ||K || < &) satisfies the conditions
minind(T — K, — A)* = minind(T — A)*
forall A € p (T),and forall k = 1,2,....
Indeed, by construction, both 4 and R” are smooth quasitriangular operators,
whence it readily follows from Theorem 2.1 that
A B
L(B) =
@-(s %)
is also a smooth quasitriangular operator for all B, because ker[A — L(B)]* is
necessarily trivial for all A in p (7). Thus, the only singularities of 7' — K, are
those ‘accumulated’ in the T; entry of T,”, whence the result follows. O
The second ingredient of the proof is a finite dimensional approximation argu-
ment.

LEMMA 3.2. Let y be a Jordan arc in C, Jjoining v and p, and let R € £ (C™) be an
operator such that o(R) C y. Given ¢ > 0, there exist n = n(y,¢, R), a normal
operator N € #(C") such that p,v € o(N) C vy, and a nilpotent operator Q €
L(C™ "y suchthat |[R®@ N — (v + Q)|| < e

PROOF. If m = 1, this is [12, Lemma 2.7] (or [11, Lemma 12.45}).
Assume m > 2. Clearly, we can find m distinct points g, p,,..., 1, € v such
that dist[p;, 0(R)] < e/2 for all j =1,2,...,m, and an operator R’ € £(C™) such
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that o(R") = {p, ty, ..., My} and
[R-R|= max{dist[yj,o(R)]: 1<j< m} <e/2.
Since R’ has m distinct eigenvalues, there exists W invertible in .£(C™) such that
= W(diag{py, s, - -, b })W . By applying the result of the above references to
the m + 1 points po = g, fiy, by -- -, 1, With & replaced by (e/2)(||W]| - (|IW 7|,
we can find p, = p(y,ep;) and N/,Q; € L(C»*') such that N/ =
diag{v,p; >, pt; 3, -- ”J'j,pj’p'j}’ o(N/) C v, Q) is nilpotent, and
|% -0+ )< eaUwl-Iwl),  j=012.

Let,n =1+ Z:,;"=0pj, N, = diag{v,p; 5 13- 1), ) N = N0 ® {69 J N},
and 9" = @ Q).

Let
0=(1,.,01, 81 & -0l eW)Q(l,. 01,81, 6 -l oW,

where 1, ., 1dent1ty on the space of Nj, 1, = identity on the space of N,
(j=1,2,...,m), and W acts on the space C™" of R”, suitably identified with the
space of the ‘last coordinates’ of N/ (j=1,2,...,m); then Q e L(C™") is
nilpotent, N € #(C") is normal, and

IN®R—(v+ Q)| <|NeR— N e W(diagonal{p,, ps,...,p, }) W]
+|N © w(diag{p, 12} )W = (v + Q)

!~NW"!I

<e/2+(e/ (W W DI Iwl=e.  ©

<||R—R'||+uwn-|

&[5 ~(r+ )

LeMMA 3.3. Let T € L () be a smooth quasitriangular operator, let N € L (R)
be a diagonal normal operator such that 6(N) = o,(N) = o.(T), and let # be a finite
dimensional subspace of .

Suppose that 0 € o(T), and o(T), is a connected set ( for some €,0 < & < 1); then
there exist K, € X' (H® R ® R), with |K || < (100 + 10||T|)e, and a finite dimen-
sional subspace N of #® R ® R including M, invariant under T® N @ N — K,
such that the spectrum of (T ® N ® N — K,)| Nis the singleton {0}, and both
TeN®&N-K, and its compression to ¥ © N are smooth quasitriangular opera-
tors.

PROOF. Preparation. By using the upper semicontinuity of the spectrum, we can
find C, € (), with ||C,|| < ¢, such that T — C; has a triangular matrix (with
respect to a suitable ONB) and o(T — C;) = o(T).

Let A}, be the linear span of the first n vectors of the basis. Clearly, if n is large
enough, then

“P_/(— P‘/VOPIP./VO" < E.
Assume that this is, indeed, the case, and consider the decomposition
T, * \A

T-6G= (0 T,|#e N
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The operator T, is also quasitriangular, and satisfies o(7,,) = 0, (T5,) = o(T).
By Theorem 2.2, we can find C, € £ (5 © A), with ||G,|| < g, such that T, — C,
is smooth; furthermore, by Theorem 2.2 and Lemma 3.1, there exists C; €
L(H © N,), with ||G,|| < &, such that, if © denotes the interior of o(T'), then

A =\

T, _(Cz + Ca) = (0 Tzlz)fza

where A is an essentially normal operator such that o(A4) = 7, 0.(4) = 92 and
ind(A — 4) = nul(A — 4) = 1forall A € ©, and T3} is smooth.

Let #, (#,) denote the first (resp., the second) copy of the space #; we have

T'=[T-C-0,0(C+C)|eNeN

T, * * \ A
=0 (4@N)eN =« |(HoR)0R,.
0 0 TS, | #,

Let = be the closure of an open neighborhood of o.(T), included in 0.(T),,, such
that 9= consists of finitely many pairwise disjoint analytic Jordan curves. Clearly, =
has only finitely many components, and € \ 2 has finitely many components. We
can assume, moreover, that 2 has been chosen so that € U X is connected. We can
find an analytic Jordan arc y: [0,1] = C such that y(0) = 0, y(1) € 9Z N 3(Q\ 2),
and vy intersects all the components of =, and all the components of @ \ Z.

We shall assume that 0 € @ \ Z. (The proof for the case when 0 € 6(T)N =
follows by exactly the same argument.) Thus, we can find a finite sequence

L=0<t<t,<t)< -+ <t,<t, <t,, =1,
such that y(¢) belongs to some component ©; of @\ 2 for #; <t < ¢/ and y(¢)
belongs to some component 2, of Z fort/ <1<t (j=1,2,...,m).

Let p; = v(2)), w; = v(t)) (j = 1,2,...,m), and let £, denote the component of
2 containing y(1). (Beware: The §,’s are not necessarily distinct for different values
of j, and the 2 ’s are not necessarily distinct for different values of j!)
A straightforward finite dimensional argument shows that there exists a decom-
position A = eaj’: L (& 8 Z/)of A, such that
L, 7
L] &/
L, * 2,
Tll = LIZ 32’ ’
0 L <,
L, <.

where o(L;) € Q; and o(L)) C 2, forall j = 1,2,...,m.

First Step. Let vy, be a Jordan arc included in 2, such that vy,, extends y|[z},,1]
to an arc including o(L},). Since v,, C £, C 0.(T),, = 6.(N),,, by using Lemma
3.2 we can find a finite dimensional subspace %, of %,, reducing the diagonal
normal operator N, a normal operator N,, € £(%,,) such that |[N|%, — N, || < 2¢,
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and a nilpotent operator Q,, € £ (%, & &%, ) such that || L, & N,, — (¢, + Q)| <
¢/m. Thus

L 2
L 2
L, L
K, =T — L, £

o

W + O %02,

(4@ N) #, 0 R,

0 NS R, 05,
1) %

is the sum of two finite rank operators K, (N) and K, (Q), where K, (N) is a
normal operator, with | K, (N)| < 3¢, such that %, reduces K,(N) and
K, (N)| &= 0,and [|K,(Q)]l < ¢/m.

Second Step. Now we analyze the operator

(Mm * )xmeag’,,',eaym
Y

satisfies 6(M,,) C Q... By Theorem 2.2, there exists a compact operator K,,, with
| K|l < e/m, such that
4, = (M" ” ) - K,

0 AeN
is smooth; furthermore, a careful analysis of the proof of Theorem 2.2 (see, in
particular [1 and 11, Corollary 3.42 and Lemma 3.46]) indicates that K, can be
chosen so that &, ® &, ® &, is invariant under 4, and ¢(4,,|%, ® %, © %,)
= o(M,,). Moreover, since y’,, and p,, belong to the same component of p.(A4,,) =
pr(A®N), L, 02, 0%, Viker(n,, — A,)* )21
Thus, if A}, = V{ker(u,, — 4,,)*}i=, for some n,, sufficiently large, then

[Py, = Py PyiPy || < &/m,
where S, =%, 0 %, ® %,

Observe that a(4,,|4,,) = {1,.} € =,,_;. Let K, be the direct sum of K, and
the zero operator acting on the space (#® %#,) © (A, ® H#)); K, is a compact
operator (|| K /|| < ¢/m) and
T,=T —(K,, + K}

L * 2
, where M, =
0 AeN

Lns L5104,
0 (An)ss O(N| %) [(# 0 ®)0H,]0(R, 05,)
T3] %2
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where

LII —
m-1 0 AN, ]|,

L, * )grrlr——l

satisfies o( L], _,)C =2, _;.
Inductive Step. Clearly, now we can repeat the argument of the First Step with the
operator

L/I

m—1

0 (A,) 2 ®(N|%)

%*

e A, _
[(#,02)04,] 02, 09,

then the Second Step can be repeated with the result of this operation, in order to
obtain finite-rank operators K,,_{(N), K,,_1(Q,,-1), and K,,_,, where K, _,(N)is
reduced by a certain finite dimensional subspace %,,_; of %, © %,
K, (N)| &2 =0, K, (NI <3, |IK,, (@Il <e/m, and ||K;_,|| <
¢/m. Moreover, we also obtain a finite dimensional invariant subspace .#,, _; of the
smooth operator

4, = (L:rll—l *
" 0 (4,)u,eN|Z,)
(Kp1=K; 1(N)+ K, _(Q,-1) such that 6(4,,_,|A,,_1) = {#,-1}, and
\Py. =Py P, P, |<2e/m,
where #,,_ =%, 8%, 0¥, €%, 0%, 0,
We repeat the same construction inductively. After m steps, we have constructed

3m finite rank operators, K,(N), K,(Q,) K., K,_i(N), K, _ (Q._1)
K, 1., K{(N), K{(Qy), K{’, such that

L /()

(recall that K/(N) and K/(N) only act nontrivially on orthogonal subspaces, for
J# i),

+ (Kr,n—l + K, )

= max{”Kj’(N)“: 1<j< m} < 3e

m

2 Kj(9))

j=1

m

Z Kj//

€
< m(—) =g, and
m X
Jj=1

€
<m|—)=c¢,
m

and
m
T,=T - [ Y (K + K;’)]

j=1
(where K/ = K/(N) + K/(Q))) is smooth and admits a finite dimensional invariant
subspace A such that ¢(7; | N;) = {0}, and

1Pay = PPy Py || < m(e/m) = e,

for a certain finite dimensional subspace /47 including A = S (& e ZL)).

Clearly, the norm of the compact operator K’ = C, + C, + C; + Z7_ (K + K/)
does not exceed 8¢, and therefore ||T;|| < ||T|| + 8e.
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By using Theorem 2.1, it is straightforward to check that (7}), ¢4, is also a
smooth quasitriangular operator.
Rotation. Recall that

sinag:= |Py— P, PyP,||<e<1.

Thus, if # = P,.(M), then dim A, = dim #, and ||P, — P, || = sina, < & By
using elementary trigonometry, we can find a unitary operator U, such that ./ + A4/
reduces Uy, U, |(MA + N) 1= 1, ||U, — 1|| = 2sin(ay/2) < 2¢, and Uy My = M, sO
that Uy A/, D A.

The same argument, applied to the inequality ||P,, — P,.P,.P .|| <, yields a
unitary operator U; of form “l + finite rank”, such that ||U; — 1j] < 2¢, and
U, A, D A,. It follows that UUy A, D A, and ||UU; — 1|} < 4e.

Define T, = UU,T,(UyU,)*; then

K.=TeNoeN-T,=K' +(T)-T,) €X' (KRS R),
IKN<IK'|+1T, = Toll < 82 + 8| T [le
< 8¢+ 8(||T| + 8¢)e < (100 + 10||T||)e,

and T,=T ® N & N — K, is a smooth quasitriangular operator, which admits a
finite dimensional invariant subspace A= UyU, A4 including #, such that
o(Ty | A") = {0}, and (T;) 4. is also a smooth quasitriangular operator. O

LEMMA 3.4. Let T € L () be a smooth quasitriangular operator, let N € L(X)
be a diagonal normal operator of uniform infinite multiplicity such that c(N) = o(T),
and let M be a finite dimensional subspace of X.

Let T' = {A;}52, be a sequence of complex numbers such that

N, €0(T) foralh=1,2,..., and card{j:\; €0} =N,
for each nonempty clopen subset o of a(T).
Given p > 1 and 1 > 0, there exist K, € L(H#'® R), with ||K,|| <, and a finite

dimensional subspace N of #® X including M, invariant under T ® N — K, such
that

A
A, *

(Te N-K,)| /= A

A

jn
(P<ph<pp<+ - <j,dimA#'=p+n),andT®8 N—- K, and (T® N — K,) 4»
are smooth quasitriangular operators.
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PROOF. Since A}, Ay, ..., A, € 6(T) = 06,(T) U pr(T), each of these numbers is
an approximate eigenvalue of any compact perturbation of 7. By using this
observation, the upper semicontinuity of the spectrum, and Theorem 2.2, it is not
difficult to find K, € X' (), with || K,|| < n/4, such that T — K, is a smooth
quasitriangular operator with a p-dimensional invariant subspace .4, and

Ao

r
T, H e N,
(with respect to a suitable ONB of A%; T is also smooth).
Let ¢ = 7,/(400 + 40||T;|)). Clearly, o(T,), has only finitely many components o,
6,,...,0,. Thus, we can write

}\1
A,
* N
A
P
T-K,= T, .
T, %,
0 ;
T,) #,
where ), #,,..., #, are defined so that #, & ¢, ® --- @5, is the Riesz
spectral subspace of T, corresponding to the clopen subset (o; U o, U --- Ug;) N

o(Ty), j=12,...,s.

Let A, denote the orthogonal projection of # in 5, j=12,...,s. By
hypothesis, N = ®;=1Nj(s+2—j ), where N, € £(2,) is a diagonal normal operator
of uniform infinite multiplicity such that o(N)Co;, j=1,2,...,s. Decompose

s s—1 s—2
TGBN:TGB{ @N,@)}e{ Q;Nj}ee{ @Nj}e - ®{N,® N, } & N,.
j=1 j=1 j=1

By Lemma 3.3, we can find K, € Z(#, & 2?), with || K || < (100 + 10||T,|)e =
n/4, such that T, ® N — K_ is a smooth quasitriangular operator which admits a
finite dimensional invariant subspace ./, including .#_, and the spectrum of
(T, ® N, ® N, — K)| A#; is a singleton { A}, where A ) is some limit point of I
ino,.

Now, a new application of Lemma 3.3 produces an operator

K, eX(#_,022,),

with ||K,_,]| <mn/4, such that T,_; & N — K,_, is a smooth quasitriangular
operator which admits a finite dimensional invariant subspace .#;_; including both
A ,_, and the projection of [(T, — K,) & {93,;11\’1(2)}]% in #_, & #?,, and
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the spectrum of (7,_, ® N, — K,_,)|A4;_, is a singleton {\,_, }, where A(,_,,

is some limit point of I' in o,_;. Clearly, A#,_, ® ./, is invariant under

T;—l & Ns(z)l - Ks—l T;—l,s ®0
0 T.® N, — K,

b

where T,_, | is the (s — 1, 5)-entry in the matrix representation of T — K;; more-
over, #,_, & A includes # _, & A ..

By induction, we construct compact operators K, K, ;, K,_,,...,K; (K; €
H(H,® R°*7)) and ||Kj|| <n/4 for all j=1,2,...,s) and finite dimensional
subspaces A}, N;_y, Ny, N (N;CH, @ RET2D, j=1,2,...,5) in such

awaythat /'=A @ N @ N, ® - ®N,_; ® A5 isinvariant under

(T-K;)®N ~

ojoea{ @Kj}) -ToN-K,,
j=1

where K, = K, ® 05+ 0, {GB;=1KJ»} € L (H'® R) satisfies

&< Koll+ max{||K,[1: 1 <j < s} <n/4 +n/8=n/2;
moreover, # C N, & {EB;=1-/V}} =AN,0(T®N - K,;)=0(T), and
A1
A,

* A,

A

(Te N-k]) W= ’
K T M,
]}2) ‘/V‘Z

0

T(s) ‘/V;

where o(T;;)) = (A}, J=1,2,...,5.
Since the A ;)’s are limit points of T} it is straightforward to find a finite-rank
normal operator J,, with ||J)|| < n/4, such that 4" © A4, reduces J,
J | [A © Ap]+ =0, and
}‘1
A,

[ToN-(k,+J,)]14= A :

J2

Jn

where p <j, <j, < -++ <j, (p+ n=dimA).
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Finally, since o(T @ N — (K, + J,)) = o(T), we can use Theorem 2.2 and its
proof (see comments in the Second Step of the proof of Lemma 3.3) in order to find
K e (#6 R), with |K)|| <n/4, such that T& N — (K, +J, + K)) is a
smooth quasitriangular operator that leaves the finite dimensional subspace A~
invariant, the diagonal sequence of [T & N — (K, + J, + K)]| A" is equal to
(A Ay A A A o A ), and [T N— (K, +J,+ K], is also
smooth.

Thus, the compact operator K, = K, + J, + K.’ and the subspace /4" satisfy all
our requirements. 0O

PrROOF OF THEOREM 2.3. Preparation. Proceeding exactly as in the first part of the
proof of [15, Proposition 4.4] (or [2, Proposition 13.11]), with the help of Voiculescu’s
theorem [23], after replacing (if necessary) T by an arbitarily small compact
perturbation of this operator, we can directly assume that, instead of T € £ (),
we have to perturb the operator

L=T&(A4),0(4),0(4);0 - € L(#0H™),
where (A4), is a copy of an operator A € £ (%) of the form
4= (N F)%(N)
0 GlA(6)

Here N is a diagonal normal operator of uniform infinite multiplicity such that
6(N) = 0.(T), and G is a quasitriangular operator such that 6(G) = 6.(G) = o (T).
Thus, we have

T H
Es o =
t .
(6 &) %
0

) 0 H® #,(N),

0
0

( ?v) (% 8) #)(G), ® #y(N),

i (ff ?v) (% 8) H#o(G); @ H#y(N)s.

(g ?\/) XO(G)3®XO(N)4

(This decomposition will play a very important role in the proof.)
First Step. Let {g,)%¥_, be an ONB of #® () such that g, €, and
g EH® (@)1, ;) forall k > 1.
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Let A be the (nonempty compact) set of limit points of the sequence I'; then
dist[A;, A] - 0 (j — 0), and therefore dist[A;, A] < e/2 for all j > p; (> 1). By
applying Lemma 3.4 to T, N, #, = V{g,}, I,p;, and 1, = ¢/2, we can find a
compact operator K, with ||K||| <e&/2, such that #® #y(N), reduces K,
K, |[#® H#y(N))t=0, L—- K, is smooth, and T & N — K, | #® H#,(N), ad-
mits a finite dimensional invariant subspace /7 including .#; moreover,

Li,=(L-K)|N= [T® N~ K, |#0 #)(N)] |4
admits an upper triangular matrix representation with diagonal sequence

d(Ly,)=T,= {Al,i\z,.. A, A0k, AQ AQ } (py + ny = dim A7),

2 Bp i) Tt )

and this sequence is a finite subsequence of T

Let I'/ = I' \ T'; be the subsequence of I' obtained by eliminating all the elements
in T. Recall that L — K, is smooth and quasitriangular. It readily follows from
Theorem 2.1(x) that if A € p (L — K,), then A cannot be an eigenvalue of
(L — K,)*, and therefore (L — K; — A)* is bounded below by a positive constant.
Hence, there exists §; > 0 such that (L — K; — A)* is bounded below by §; for all
A in I such that L — A is semi-Fredholm. It is easily seen that (L — K; — A) — B
is also semi-Fredholm with the same index as L — K; — A and, moreover, that
A € plp(L — K; — B),for all B in L(#® H#,) such that ||B|| < §,.

Second Step. Since L — K is smooth, the spectrum of the operator

T, - TeN-K, | #d#(N), 006F
0 G
coincides with 6((L — K) 4, = o(T).

By definition of A, there exists p, such that A(), , precedes A ,_ in the sequence T,
and dist[A ;, A] < e/4 for all j > p,. By applying Theorem 2.2 and Lemma 3.4 to T},
N, # ,:= orthogonal projection of V{ g,} in (#'® 4, ;) © #] (dim #, =0 or 1),
I}, p,, and 1, = min[e/4,8,/4], we can find a compact operator K,, with || K,|| <
¢/4, such that [(H#'® ;) © 1] ©#,, reduces K,, K, |([(H#'® H#,;) 0 N]
#5,) =0, and T} — K, |[(#'® H#,,) © 4] ®#,, admits a finite dimensional

invariant subspace ./, including .# ,; moreover,
Lyy= (L —(K +Ky)) IV, = [T, - K, |([(o#® #,,) e /] @ #,,)] |47
admits an upper triangular matrix representation with diagonal sequence

d(L,,) = {X{“,A’?),..., M\ A\ AQ } (s, + n, = dim 4}),

s1=1 Dpy ) @) 00 ()

where (X, XD, ..., N® | A} is the initial segment of IY, and d(L,,) is a finite

51— %py
subsequence of I7. Furthermore, [L — (K; + K,)] 4+ is smooth, and

Ly, * * \ A

L-(K,+K;)=]0 L,, * |
0 0 TLf[(#eH, 6x,,) (N L))
o(4);e(4),0(4)s0 -+,
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where L, , and L, are upper triangular with respect to the same ONB of 4]
and d(L,,)=d(L;,),and ||L;, — Ly || <n,.
It is not difficult to check that

(% L]

is a permutation of a finite subsequence I, of I' (including the first p, > 2 in terms
of T'!), #] & A, is invariant under L — (K, + K,) and includes V{g,, g,}, and
L — (K, + K,) is a smooth operator because 1, < §,/4.

Define I'; = I' \ T,. Proceeding as in the First Step, we can find 6,,0 < §, < §,/8,
such that if A € T, is a regular point of the semi-Fredholm domain of L — (K; +
K,), then A € pLx(L — (K; + K,) — B), for all B in L(H#® #,) such that

1B < 8,.

Inductive step. By induction, we find compact operators K, K,,..., K,,..., and
pairwise orthogonal finite dimensional subspaces A7, A5,..., A7, such that ||K,]|
<m, <eg/2%forall k =1,2,..., and

L b

1,k . N,

. L,, .
L-YK,=
i=1 O ‘/Vk
L, k k
T} fﬂa{@%,i} e @-/V;)
i=1 i=1

D(A4) i1 ®(A)120(A) 30 -+,

where { L, ,}%_, is a Cauchy sequence (in £(A4,)) of operators that are triangular
with respect to a fixed ONB of 4}, and d(L, ;) =d(L, ,) (k > h), for each
h=1,2,...; moreover, L — Zf;lK ; 1s a smooth quasitriangular operator, Qai’;l./Vi
D> V{g}1, and d(L - T K,)| @)%  A#)) is a permutation of a finite subse-
quence I, of T, where I, D {A,A,,..., A, } for some p, > k.

Furthermore, if L, = (norm)lim, , L, ,, and K, =2X¥X%_ ,K,, then K, €
H(HD HL), K| < e, HO A = &> N, and

k
(norm) lim (L— YK |=L-K,
k= i=1
L

1 5 . o

2 ”,

k '/V‘k

0 .

is a smooth nontrivial operator because the 7,’s are small enough to guarantee that
A €plp(L—K)forall j=1,2,....
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Clearly, d(L — K,) is a permutation of I'. But, by Lemma 2.6, this means that
d(L — K,) = T with respect to a suitable ONB of the space.

The proof of Theorem 2.3 is now complete. O

CONJECTURE 3.5. Let y be a Jordan arc joining 0 to 1, and let M > 1 and ¢ > 0
be given. There exists m = m(y, M, €) such that if F € £(C") for some n > m,
|F)| <M and 0,1 € o(F) C vy, then there exists Q € £(C") nilpotent such that
I|IF — Q]| < &, provided the generalized eigenvalues of F (counted with multiplicity)
are ‘suitably spread’ on 7.

An affirmative answer to the above conjecture will eliminate the need of Lemmas
3.2 and 3.3, and strongly simplify the proof of Theorem 2.3.

4. Characterization of strict (—m)-quasitriangularity. The intrinsic reason why the
classes (StrQT)_,, and (QT)_,, (m > 1) are ‘tractable’ and admit simple spectral
characterizations (equivalences between the first and fifth statements in Theorems
1.2 and 1.2%) is, perhaps, that they are invariant under similarity. (Thus, the
machinery developed in the monograph [11, 2] can be applied to these classes.)

Although it is not strictly necessary for the proofs of Theorems 1.2 and 1.2, it will
be shown, for the sake of completeness, that the approximating families of operators
are also invariant under similarity. Indeed, we have the following

LemMMmA 4.1. Let T € L (5X); then
(1) T is (—m)-triangular if and only if
(a)nulT" > mn, foralln =1,2,...; and
(by) #=V_kerT"
(2) T is almost (-m)-triangular if and only if
(a,) T admits an increasing chain { M }3-, of finite dimensional invariant
subspaces such that dim M, © M, =m and T, o4, =0, for all k=
1,2,...; and
(b)) H=Vi, M,

PROOF. (1) The necessity of (a,) and (b,) follows by a straightforward computa-
tion of the matrices of the operators 7", n = 1,2,....

Assume that T satisfies (a;) and (b,); then there exists a family { %}, of
pairwise orthogonal subspaces of dimension m, such that #'= @2 %, and

0 T, Ty - X,
T 0 T, - |%

Let {e;};2, be an ONB of 5 such that {e,,e,,...,¢,,} is an ONB of #,, and
{€(n—1)ym+15€(n—1ym+25 -3 €nm } 18 an ONB of #,, for each n = 2,3,.... It is easily
seen that, if the basis {€(,_ )11, €(n—1)ym+25- - -» €am )} (1 > 1) is cleverly chosen (by
induction on n), then T, ,,, has an upper triangular m X m matrix, and therefore
T is (-m)-triangular with respect to the basis {e;} ;.
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(2) Observe that (a,)—(b,) is essentially a reformulation of the definition of almost
(—=m)-triangularity. O

COROLLARY 4.2. If T € () is (almost) (—m)-triangular, and W € G(¥),
then WTW =Y is also (almost, respectively) (—m)-triangular.

PROOF. Suppose that T is (-m)-triangular; then T satisfies (a;) and (b,) of
Lemma 4.1(1), and these two conditions are obviously satisfied by WTW ~! for all W
in (). By Lemma 4.1(1), WTW ! is (-m)-triangular.

If we merely assume that T is almost (—m)-triangular, then it satisfies (a,) and
(b,) of Lemma 4.1(2). Let &, = Wk, (k =1,2,...); then A, is invariant under
WTW™, #= WH#=V¢_, A, and a straightforward computation shows that
(WTW™) 4. ow,,_, = 0. By Lemma 4.1(2), WITW ! is almost (—m)-triangular. O

Lemma 4.1(1) has a second consequence, which will play a very important role
here.

COROLLARY 4.3. Assume that A € £ () is (—p)-triangular and B € L () is
(—q)-triangular. Given C € L (#,, ), and & > 0, there exists K, € A (H#, & ),
with ||K || < &, such that

(4 ¢V
L'(o B)fz K.

is (=p — q)-triangular.

PROOF. Let {e;}72; ({ f}¥-1) be an ONB of 5 (of 5, resp.) such that 4 has a
(—p)-triangular matrix (B has a (-¢)-triangular matrix, resp.) with respect to this
basis.

Clearly, we can find K] € X' (5, /), with |K/|| < e/2, such that C,f, €
V{le;}7%1 (for some increasing sequence {n, }¥-;), where C, = C — K. We can also
find K/ € X' (5#,), with || K| < e/2, such that A, = A — K is also (-p)-triangu-
lar (with respect to the same basis as 4), and the (j, j + p)-entry of A, is different
from zero for all j =1,2,....

Let

” 1\ .
K - (Ke K! ) 1
0 0 /%
clearly, K, € X'(#, ® 5#,) and ||K,|| < e. (Indeed, K, can actually be chosen of
arbitrarily small trace norm.) The operator
H, K
L___(A C) 1_g = A, C\7
0 B/# "¢ \o B
satisfies the following: for each n > 1,

n n—i i—1

Ln = AS iglAE CSB s

0 B"
where A7 is (—np)-triangular with respect to the ONB {e;}%2,, B" is (-nq)-triangular
with respect to the ONB { f,}¥_,, and (X/_,477'C,B'"")f, € V{e;}/x, for each
k =1,2,...; moreover, the (j, j + np)-entry of A” is different from zero for all
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Jj=1,2,..., and therefore ran A’ contains all the finite linear combinations of the
Vectors ey, e,, .. ..

In particular, the equation A% = —(L7_,A""‘C,B'"!)f, has at least one solution,
e = g, in the space V{e;}/x; (k = 1,2,...). It readily follows that

keanDV{el,ez,...,enp,gl +f1,g2 +f2,...,g,,q+fnq},

and thereforenul LN > np + ng = n(p + q), foralln =1,2,....
On the other hand, the above construction shows that f, € ker L"+ for all
k=1,2,..., sothat

V kerL"> V({ej};il{fk};o=l) =H &%,
n=1

By Lemma 4.1(1), L is a (-p — g)-triangular operator. O

In order to prove Theorem 1.2, we need another auxiliary result. The proof of
Lemma 4.4 (below) follows by some ad hoc modifications of that of Lemma 3.1, and
therefore it will be omitted.

LEMMA 4.4. Let T € £(5F), and let Q = interior @~ be a nonempty bounded open
set such that 3Q C 6, (T) and @ C 6, (T)U {A € C: nul(A — T) > n} ( for some
n > 1). Given € > 0, there exist K, € XA (), with ||K || < ¢, and essentially normal
operators Ay, A,,..., A,, such that o(A;,)=Q", o6.(A4;) =02, ind(A — 4,)=

nul(A —A4,)=1forall A € Q, and foralli = 1,2,...,n, and

A, T,
T—K = 1@ i 12
0 T22

satisfies
minind(7 — K, — A\)* = minind(7 - )"
forall A € p_p(T), and forallk = 1,2,....

Proor oF THEOREM 1.2. First of all, observe that each of the following implica-
tions is either trivial or completely straightforward:

(str-i)_,, = (str-ii)_,, and (str-iii)_,,;
(str-vi)_,, = (str-i)_,,, (str-iv)_,, and (str-ix)_,,,,

because if K€ X'(X), {R;}21, {Q;}21CP(H#), and R; > 1 and Q, —> 1
(strongly, asj — o), then ||K — R,KQ || = 0 (j = o) (and (str-xi) _,, (for some j,
1 <j < m) = (str-v)_,, in the case when m > 2).

Furthermore, (str-i)_,, is easily seen to be equivalent to (str-ix)_,,, and (str-ii)_,,
= (str-i)_,, follows exactly as in the proof of the corresponding implication for strict
m-quasitriangularity [15, §8, 2, §13.5].

The distance formula can be obtained from W. B. Arveson’s distance formula
(from a given operator to a nest algebra [3]), as in [15, Corollary 7.2]. (We can also
use the more direct formula due to S. C Powers; see [20].) Clearly, the validity of this
formula implies the equivalence between statements (str-iii) _,, and (str-iv) _,,.
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If A is (m)-triangular, then there exists a unilateral shift S of multiplicity one
such that S™A4 is triangular (with respect to the same ONB). By applying Proposi-
tion 1.1 to A4, we infer that 6,,(A4) = 0,.(4) U pr(4) is a connected set containing
the origin, and ind(A — 4) > 0 for all A € p, (A); by applying the same result to
S"A4, we deduce that either A4 is not semi-Fredholm, or ind 4 > —-ind S” = m. Now,
by using the upper semicontinuity of separate parts of the spectrum, and the
stability properties of the semi-Fredholm index, we deduce that every (norm) limit of
operators of the form A + F, where A is m-triangular and F has finite rank, has the
same properties. Hence, (str-iv)_,, = (str-v)_,,.

If m =1, then we can apply Corollary 2.5 to the special case when TI' is the
sequence {0,0,0, ... }, in order to obtain that (str-v)_; = (str-vi)_;.

We now prove that, in the case when m > 2, (str-v)_,, implies (str-vi)_,, and
(str-xi)_,, (for all j,1 <j < m). If T satisfies (str-v)_,, and T is a semi-Fredholm
operator, then ind T > m. By applying Lemma 4.4 with  equal to the component of
interior [p} (7))~ including the origin, € replaced by ¢/3, and n = m — 1, we can
find K € o' (s#), with ||K/|| < ¢/3, such that

m-—1
r-k;=| 4 Te|
0 T,

where A, is essentially normal, o(4;,) =27, 6.(4;) =08, and ind(A — 4,) =
nul(A — 4,)=1forallall A € @ (i = 1,2,...,m — 1); in this case, ind(A — T),) =
ind(A—=T)>0 for all A €p (T)\K, and ind(A - T)—(m—1)>1 for all
A€ p (T)N Q. If T satisfies (str-v)_,,, but T is not semi-Fredholm, then we can
proceed exactly as in the first lines of the proof of Corollary 2.5 in order to find
K] e X' (5#), with ||K || < &/3, such that

m—1 0"=D (0 F=DY) g (N)"
’ 0 F jﬁxA” ( )_ ( ) O( )
T-K =T 0 T 0 # ,
0 G XO(G) ( ) ( (m—l)) (m—1)
0 0 G Ho(G)

where G = G‘® is quasitriangular, and ¢(G) = 6.(G) = o.(T).
In either case, we have found K/ € )¢'(5¢), with || K/|| < /3, such that

m—1 m—1
T-K,= ig 4 le 19969
0 T,, | 4,

where A, is essentially normal and satisfies (str-v)_, (for all i =1,2,...,m — 1),
0(Ty,) = o(T), 0y(T,,) = 04(T), and T, satisfies (str-v)_;.

By Corollaries 2.4 and 2.5, we can find compact operators E; € X'(¢,), with
NE|l<e/3 (i=1,2,...,m—1), and E, € X (), such that 4;=4,— E, is
(-1)-triangular with (j, j + 1)-entries different from zero for all j =1,2,... (i =
1,2,...,m — 1),and T), = T,, — E, is also (-1)-triangular; moreover, if 6,(T) = &,
then E; can be chosen with || Ey|| < ¢/3.



32 D. A. HERRERO

Let E, = (& 'E,) ® E,; then
m-l m—1
r-(kvE)=| 4 Te) B4
0 T), | %
By an obvious inductive repetition of the argument of the proof of Corollary 4.3,
now we can find K" € (o), with || K| < ¢/3, of the form

m—1
bw_ [0 * A,
Ke = (0 0 ) i@
-}fo
(i.e., the action of K’ only affects T;,), such that the operator
m=1 m—1
A, T .
A=T-(K/+E +K/!)= ,@1 e 6319?
0 2'2 # 0
satisfies the conditions
m—1 m—1
A -1 = 'EEJA; PegﬂIQﬁTﬁ mg; Qﬂ
(CHSEALE = i=j+1
0 T, X,

is (j — m)-triangular for all j = 0,1,2,...,m — 2.

Let K, =K+ E, + K’; clearly, K, is compact. Since @/ A} is obviously
(-/)-triangular (j =1,2,...,m — 1), by taking C,= K, we have proved that
(str-xi)_,, holds forall j =1,2,...,m — 1.

Since T=A4 + K, and ||K || < 2¢/3 + max{e/3, | E,|}, it readily follows that T
satisfies (str-vi)_,, and, moreover, that K, can be chosen so that ||K || < ¢, provided
0 (T)= O.

The proof of Theorem 1.2 is now complete. O

NoOTE. The statement of Theorem 13.36 of [2, Chapter 13 (announcement of the
results in Theorem 1.2) contains two minor errors: (1) The sentence “T; is unitarily
equivalent to the direct sum of j copies of an essentially normal (-1)-triangular
operator” (statement (str-xi)_,,) must be changed to “T; is unitarily equivalent to the
direct sum of j essentially normal (-1)-triangular operators”; (2) The statement
(str-xi)_,, , is clearly not equivalent to (str-xi)_,,, unless a,(7") is empty; therefore,
statement (str-xi)_,, , must be supressed from the theorem.

5. Characterization of (-m)-quasitriangularity. This section will be devoted to
proving Theorem 1.2%. As in the case of Theorem 1.2, some implications are either
trivial, or completely straightforward, or follow by essentially the same arguments as
in the case of m-quasitriangularity [11, §9, 2 §13.6]:

@) = ()_,, = ()_,;

Vi) _,. e = (vi)_,,, = (i)_,, and (ix) _,,;

(iX) _p = (X)_ 5
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@iv)_,,, (X)_,,, or (xi)_,, (for some j,1 <j < m)= (v)_,,

(use Proposition 1.1, the upper semicontinuity of the spectrum, and the stability
properties of the index [11, Chapter 1, 19]); and the validity of the distance formula,
as well as the equivalence between (iii)_,, and (iv)_,,, follow from some variation of
W. B. Arveson’s distance formula.

On the other hand, proceeding exactly as in the proof of Theorem 1.2(str-v)_,, =
(str-vi)_,, and (str-xi)_,, (for all j, 1 <j < m) (with the help of Lemma 4.4 and
Voiculescu’s theorem) we can show that if T satisfies (v)_,, then there exists
K, e (o), with ||K || < e, such that

Al Cl ‘}fl

4, 0 ¢ |2
A,=T-K, = . N
0 A, C, |,

T22 ‘}fO

where A4; is an essentially normal (-1)-triangular operator with respect to an
ONB (e, ;}2; of #, (i=12,...,m), Ty is triangular with respect to an
ONB {f,}¥%-1 of H#,, and C,f, € V({e, ;}jx4 (for some increasing sequence
{(n 3= i=12,...,m).

Thus, in order to prove that (v)_,, implies (vi)_,, . and (xi)_,, ,, it suffices to show
that (Ae)(&9'_»1#1)?,")@”0 is almost (j — m)-triangular for all j =0,1,2,...,.m — 1. It
will be shown that this is the case; clearly, we can reduce to the case when j = 0.
Indeed, a slightly better result will actually be proved:

PROPOSITION 5.1. (Stringent form of (-m)-quasitriangularity.) Let T € (QT), and
assume that either 0 € o, (T), or T is a semi-Fredholm operator with indT > m. Let
{ pr}%=1 be a strictly increasing sequence of natural numbers such thatp, ., — p, > m
for all k =1,2,...; then there exist K, € X (), with |K || < e, and a maximal
chain { P,;}%2., C P(H#), P, 11, such that '

o0
(1 —I)j)(T_Ks)Pj+m=0 fora”jgkul{])k-l_ 1,pk+2a"'3pk+m}
and

(1-P)T—-K,)P,=0 forallj=1,2,....

PROOF. Choose K, as above, so that

A, =T-K,=| ;= ;
T22 WO

m m
A C H,
Ga1 ! E=Bl ', whereC=|."|,
0

and the above conditions are fulfilled.
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Let n, = max{n, ;: 1 <i < m}. We can directly assume, without loss of general-
ity, that the sequence { p, }%-; is so sparse that p, > mn, forall £k =1,2,.... Let
P, denote the orthogonal projection of # onto V{ g, 85,..., 8}, where { g, }%_, is
the ONB defined by

e,; forh=mj+i<p +m,
fi forh=p, + m+1,
e,; forpy+m+2<h=mj+i+1<p,+m,

g, =1{h forh=p,+m+1,

e,; forp, y+m+2<h=mi+i+(k—-1)<p,+m,
fu forh=p,+m+1,

(i.e., we ‘interpolate’ the f,’s very sparsely among the e, ;’s).

Then { P, }%_o (P, = 0) is a maximal chain in (), P, 11,

(1-P)AP,,,=0 foralh ¢ |J {pi+1,p+2,....,p+ m}
k=1
and
(1-P)AP,=0 foralh=1,2,.... O

This completes the proof of Theorem 1.22.

Proposition 5.1 makes no sense if the condition ‘p, ., — p, > m’ is replaced by
‘Pi+1 — Pr > (m — 1) for, in this case, the property

(1- Pj)(T— K,)P,,=0 foral j¢& U(pe+lLpe+2,...,p+m)
k=1

may be empty. (Take p, = (k — 1)m.) On the other hand, we have the following
result. (Compare with [15, Conjecture 10.5].)

COROLLARY 5.2. (Relaxed form of strict (—m)-quasitriangularity.) Let T € £ (¢),
and let m > 2. Suppose there exist a maximal chain { P, };‘;1 C P(X), P11, and an
increasing sequence { p, }%¥-, such thatp, ., — p, > mforallk =1,2,..., and

o0
limsup{”(l — Pj)TPﬁm”: je U{p+1L,p+2,...,pp+m-— 1}} = 0.
j k=1

j—=o
Then T € (StrQT)_,,.

PRrOOF. If T satisfies the above condition, then T € (QT)_,,, and

limsup (1 - B)TF,,.[ = 0,
jow

so that T € (StrQT) _,.

Since T satisfies (str-v)_, (Theorem 1.2), and (v) _,, (Theorem 1.2), it is clear that
T must also satisfy (str-v) _,,. By Theorem 1.2, T is strictly (-m)-quasitriangular. O

REMARK 5.3. As in the case of extended quasitriangularity, we can also consider
the classes (StrBQTStr),, , = (StrQT),, N (StrQT);, (StrBQT),, , = (StrQT),, N
(QT);, (BQTStr),, , = (QT),, N (StrQT);, and, respectively, (BQT),, ,, for all pos-
sible integer values of m and p.
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It is not difficult to produce a few partial results by following the lines of §§4 and
5 of this article, together with the results of [15]. But these new classes present a large
number of interesting open problems, of the type described in [15, §10, D and E].

6. Nest algebras. A nest N in 5 is a linearly ordered (by inclusion) family of
subspaces containing {0} and 5#, such that the family {P,: # € N} is strongly
closed in £ (). The order type of N is always that of a closed subset A of the real
interval [0, 1] containing 0 and 1. A gap in N is a pair g = {.#_, A} of subspaces
such that .#_ is properly included in .#,, and the conditions #_C &/ 'C A,
A°€ N imply that either #/'=.#_, or /= .#,. (There is an obvious bijection
between the gaps in N and the open intervals in [0,1]\ A.) The cardinal number
dim g:= dim #, © A _ is the dimension of the gap g (1 < dim g < N).

Let = be a totally ordered denumerable set, and let {e,}, .5 be an ONB of 5#
‘ordered by Z. The nest Ny generated by the subspaces #, = V{e,},., and
M ,.=V{e,}, <, (r €Z) is order-isomorphic to an infinite totally disconnected
closed subset A of [0, 1] containing 0 and 1; clearly, Ny has denumerably many gaps,
and all its gaps are one dimensional. Conversely, given an infinite totally discon-
nected closed subset A of [0,1], containing 0 and 1, there exist a totally ordered
denumerable set = C A (Z can be identified with the set of all ‘first extreme points’
of the segments in [0, 1]\ A) and a nest Ny of the above described type such that Ny
is order-isomorphic to A. Furthermore, it is easily seen that Ny is unique, up to a
unitary transformation of an ONB onto another one, and that two sets A; and A,
(as above) produce the same nest (up to unitary equivalence) if and only if they are
order-isomorphic. (In particular, they must be homeomorphic.)

A nest of this type can be properly called generated by an orthonormal basis ( gonb
nest, in short). The simplest example is the nest N, corresponding to the case when
2 is the set of all natural numbers; Ny is the nest associated with an ONB {e;}22 _,
and the nest Ny, corresponding to the case when = = Q is the set of all rational
numbers, is order-isomorphic to the Cantor set, etc.

A word of caution must be said here: if A is an infinite totally disconnected closed
subset of [0,1] (0,1 € A), but A is not denumerable, then there exists a nest N,
order-isomorphic to A, all of whose gaps are one-dimensional, which is not a gonb
nest! (To see this: Let p = py + pu, be a probability measure on [0, 1], where 2 is the
set of ‘first extreme points’ of [0, 1]\ A, py is the atomic part of =, with an atom at
each point of =, and p, is a nontrivial Borel measure supported by a perfect subset
of A. Let H be the operator ‘multiplication by ¢” on L?([0,1], p), and let H = [ tdE,
be the spectral decomposition of H. Now define

N, = {ran E([0,a));ran E([0,a]): a € A}.)

However, a recent result of K. Davidson [6] guarantees that, given a nest N, as
above, and ¢ (0 <e < 1), there exist U € #(s) unitary, K, € X' (), with
IK,|| <&, and a gonb nest Ny such that

Ny = {(U+K,)M: #eNs).
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(In particular, both N, and Ny are order-isomorphic to A.) This is good enough for
Our purposes.
The nest algebra associated with a nest N is defined by
algN = {T € L(#): T#H C M for all # inN}.

The reader is referred to [3, 6, 18, 21] for general information about nests and
their nest algebras. Following [13, 14], we write

N = (UAU* + K: U is unitary, 4 € algN, K € ¥'(o#)},
and
N° = {T € #(#): Givene > 0, there exist U, unitary, 4, € algN,
and K, compact, with || K, | < ¢, such that T = U AU* + K, }.

In [13, 14], the author completely characterized N and N° (for all possible nests),
thus solving a problem raised by W. B. Arveson:

(1) If N = Ny for a well-ordered set £, then N = N° = (QT) is the set of all
quasitriangular operators. (In particular, Nw =N? = (QT).)

(2) If N = N, where 2 is order-anti-isomorphic to a well-ordered set, then
N = N® = (QD)* = {T*: T € (QD)}. (3) In any other case, N = £ (#); moreover,
we have N° = #(5#) if and only if either N has infinitely many gaps, or at least one
infinite dimensional gap. This holds, in particular, if N is order-isomorphic to a gonb
nest, not of the types (1), or (2).

Let N be similar to a gonb nest; N has denumerably many one-dimensional gaps
{(g.}yes- g, ={A,_, A, }, then it makes sense to talk of the diagonal entries
of an operator A in alg N: observe that

A, *\A,_
A= (0 aV)V{ey} |
where e, is a unit vector in ./ ,_, orthogonal to .#,_. We define a, as the vth
diagonal entry of A.

In this setting, Theorem 2.3 and Corollary 2.5 can be easily reformulated as results
about the structure of operators in N and, respectively, N_. What can be said for
the other gonb nests? More precisely:

PrOBLEM 6.1. Let N be a nest order-isomorphic to a totally disconnected closed
subset A of [0, 1], including 0 and 1. Assume that N has denumerable many gaps,
totally ordered by an index set X, and that all the gaps are one dimensional. What
kinds of relations can be expected between the totally ordered family d(A4) =
{a,}, s of diagonal entries of A4, and the different parts of the spectrum of 4, for
A in algN?

Suppose that T€ N (N°), and T = {A,}, s is a family of complex numbers
totally ordered by Z. For which families I' can we expect to find U unitary, 4 in
algN, and K compact (with ||K|| < ¢, for a given ¢ > 0, resp.) such that T = UAU*
+ K,and d(4) =17

We are still very far from a complete answer to the above questions. The
techniques introduced by C. Apostol, and the author (see [1, 2, and 11-16]) will
certainly help, but the problem requires new arguments. For instance, the proof that
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‘most’ gonb nests satisfy NS = £ () actually uses a small portion of the nest: it
suffices to assume that X includes both an increasing sequence and a decreasing
sequence (and these two subsequences can be scattered anywhere in X [14]).

That is, no matter how complicated the order structure of £ is, we can always
have N° = #(#) provided = includes two ‘nice’ portions. On the other hand, if
T € #(s#), and the polynomial hull o,(T)" of the essential spectrum (i.e., the
complement in C of the unbounded component of C\ ¢.(7")) has two components,
o, and o,, then we cannot expect to find K compact such that 7 — K is unitarily
equivalent to an operator in Ny with a given diagonal family I' = (A}, .5, unless
both,

ZS,={vreZ:N €} and Z,={reZ: A €Q,}
(where Q; is a bounded open neighborhood of o;, j = 1,2, and €, N @, = &), are
‘sufficiently nice’ (see Lemma 6.3 below).

A few results in the positive direction, and some examples, will illustrate the
difficulties involved with Problem 6.1.

LEMMA 6.2. Let Ny be a gonb nest, and let A € algNs. Then 6(A| M) U o(A_4.)
C o(A)" for all # in Ns, and every diagonal entry of A belongs to o(A)".

ProOF. The inclusions o(A|#) C (A)"and o0(A4_,:.) C o(A)", for each subspace
A invariant under A, follow from the main result of [5], applied to 4, and to 4*.
Let {e,}, s be the ONB generating Ny, and let #,_= V{e,},.,, and M, =

V{e,}, <, (R €Z). Then A,  and #,, are invariant under 4 € algN;, and
o(A|M,)Va(A|MH,.)C o(A).
Since
Al M, *x\ M, _
Al M, = * ’
I pt 0 a,,) V{eﬂ} s

it readily follows that a, € 0(A4)" O
LEMMA 6.3. Let T € £ (5#), and let Ny be a gonb nest. Suppose that

T= Tl T12 '%1
0 T, |#

where 5, and 5, are infinite dimensional subspaces, and o(T,)"Nao(T,)" = &.

Let T = {A,},es be a totally ordered family of complex numbers such that
A, €0(T) forallv, andlet Ty = {A,},c5 and T, = {A,},c5, where 2, = (v €
2N, €0(T)Y, j=12

Suppose there exists K € X' () such that T — K = A € algNy and d(A) =T;
then both T, and T, are infinite families,

Al A12 ‘}fll
A= ~A @ A4,,
(O 4, | ) ! 2

where both, 3| and ), are infinite dimensional subspaces, 6(A4;) C o(T;)", A4, is
similar to an operator in alg sz, andd(A4;) =1, j=12.
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Conversely, if T is the disjoint union of two infinite subfamilies, T, and T, (as
above), and some compact perturbation of T; is similar to an operator B; in alg Ns,
such that d(B;) = T, j = 1,2, then there exzsts KeX () suchthat T — K= A for
some A in alg Ny such that d(A) =

PrROOF. Assume that T = UAU* + K, where K € X' (), U 1is unitary, and
A € algN with d(4)=T. It follows from Lemma 6.2 that o(A4)C o(T)" =
6(T,)"Uo(T,)" (disjoint union); therefore,

A, Ap\H/
A= A
0 4, )H;

where 5/ = #(0(T})"; A) and 5 = H © .

Clearly, A ~ 4, ® A, [12, Chapter 3, 19], so that 4, ® A, admits a nest of
invariant subspaces order-isomorphic to Ny, all of whose gaps are one dimensional.
Since every invariant subspace of A4, ® 4, is the orthogonal direct sum of a
subspace of ¥/ invariant under 4, and a subspace of S, invariant under 4,
[17], it is not difficult to deduce that I is an infinite family, 4, admits a nest
order-isomorphic to Ny, all of whose gaps are one dimensional, and d(4,) = I,
J = 1,2. By the above-mentioned result of K. Davidson [6], 4, is actually similar to
an operator in alg Ngj, j=12.

Conversely, if T, = UBU* + K, where U, is unitary, K; € X'()), B; € algNy,
and d(B;) = T, (an infinite subfamily of Z), j = 1,2, then

T, T,= (U, & U,)(B,®B,)(U, & U,)*+ K, ®K,,

and every operator similar to B; ® B, has a nest of invariant subspaces order-iso-
morphic to Ny, all of whose gaps are one dimensional.

Since K, ® K, € X (), and T ~ T, ® T,, it follows that some compact per-
turbation 4’ = T — K’ of T admits a nest of invariant subspaces of that form;
moreover, d(A’) =T. Finally, by using K. Davidson’s result [6], we can find W
invertible of the form U + C (where U is unitary and C is compact) such that
A=U+ C)14A(U+ C)e algNsg,and d(4) =d(A4)=T

Since K=T—- UAU* =K’ +[(U+ C)A(U + C)™ — UAU*| € X' (H#), the
proof is complete. O

The result of Lemma 6.2 is the best possible, in general. For instance, if ' = Z,
we can actually have all the diagonal entries of 4 in 6(A4)"\a(A4).

PROPOSITION 6.4. Let T € L (), and let T = { A, }3_ ., be a two-sided sequence
of complex numbers such that

(1) all the limit points of T belong to o.(T)"; and

(ii) card{n < 0: A\, € Q} = card{n > 0: A, € Q} = N for each open set Q such
that QN o(T) #+ T, but 32 N o(T)" =

Then there exist K € X' (o), U unitary, and A € alg Ny such that

(1) T=UAU* + K; and

2)d(4)=T
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Furthermore, if T also satisfies

(i) A, € o(T)" foralln € Z; and

@iv) card{n: A, =A}=dims#(A;T) for all X\ € o,(T)\0.(T)"; then, given
e > 0, K can be chosen so that ||K|| < e,

(3) 0p(A) = 0y(T);

@) if A, = {A € 0y(T): dist[A, 0,(T)] > €}, then

H (A, UAU*) =#(A,;T) and UAU*|# (A ;UAU*)=T|H#(A;T);
and

5) if A€ oy(T), then dimH(A; A) = dim#(N;T), and A|H(A; A) ~
T|#(\;T).

PrOOF. By proceeding as in the proof of [13, Theorem 1, 2, §A3.2], given ¢ > 0,
we can find K; € X' (), with || K,|| < &/4, such that

0 A

where 6(A4,) =0 (A, )=0(A_)=0, (A_)=0,(T)"
We can write

A, =
T-K,=ToA, A=

*
T,
0 T

T, =

( 0 To) =T®A4,,

T, is the compression of T to #°([o(T)\ A, 4] T)*,and T_=A4_(o(T® 4,) =

0o(T) U 0.(T); 0.(T,) = 0,(T,) = 0,.(A4,) = 0,(T) and o(T ) € [6.(T;)"]. /a)-
By standard arguments (as in the first part of the proof of Corollary 2.4, in §2), we

can rapidly reduce the proof of both statements to show that if T" satisfies (ii) and
(i) A, €0.(T) forall n € Z,

and

(=}
-

where

_[B+ Bp H,
‘(0 B_)ﬁi’
where o(B.) = 0,(B,)=0(B_)= 0,(B_)=0,(T), then there exists K, €
H (), with | K,|| < e/4, such that B — K, = B’ € algN,, with d(B’) =T. But
this is an immediate consequence of Theorem 2.3:

(a) Apply the theorem to the quasitriangular operator B_ (6(B_) = 6 .(B_) =
0.(T)") and the sequence I'_= {A,}_,, in order to find K, € X' (5 ) with
IIK,_|| < &/4, such that B’ = B_~ K, _ is triangular with d(B”_) =T _.

(b) Apply the theorem to the quasitriangular operator B’, (6(B*) = 0 .(B*) =
0..(B,)* =[0.(T)"]*) and the sequence I',= {A_,}%_,, in order to find K} €
XA (), with ||K} || < e/4, such that (B, )* = (B,— K, ,)* is triangular with
d(B})*)=T,.

(Conditions (i") and (ii) guarantee that both constructions are possible.)
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Now define K, = K,,® K,_; then K, € X' (), ||K,|| < ¢/4, and
B, By \|X,
0 B |X

where d(B’)=T. O

ExXAMPLE 6.5. Let L € () (R € £(5.)), and assume that o(L) = 0,,(L)
(6(R) = 0, (R), resp.) is a connected subset of the open left (right, resp.) halfplane
such that a(L)" (o(R)", resp.) contains the point -1 (+1, resp.). Let T =L & R,
andletI' = {A, )} _ _,where A, =-1,orA,=1forallneZ

Under what conditions on 7 and on I' can we guarantee that, for each & > 0,
there exists K, € X' (), with |K || <e, such that T — K, = 4 € algN,, with
d(A)=TI"?

The conditions card{n: A, =1} = card{n: A, =1} = N, are necessary in all
cases, and (by Proposition 6.4), the conditions

card{n <0: A, = -1} =card{n <0: A, =1}

=card{n >0: A, = -1} =card{n > 0: A, =1} = R,
are sufficient in all cases.

Assume that A_, = -1 and A, =1 for all n > n,; then the answer is affirmative
if and only if L*, R € (QT), -1 € 6(L),and 1 € o(R).

Assume that A, =1 for all n > n,, but card{n <0: A, = -1} = card{n < O:
A, =1} = N; then the answer is affirmative if and only if L* € (QT) and -1 €
o(L).

The other cases can be similarly analyzed. Even an example as simple as this one
produces seven different cases!

Another interesting case is the one corresponding to a well-ordered family 2. As
we have already observed, N2 = Ny always coincides with (QT), the class of all
quasitriangular operators [14], and Corollaries 2.4 and 2.5 completely solve Problem
6.1 for the case when 2 is the set of all natural numbers. The following analogue to
Proposition 1.1 can be deduced from [13, Lemma 7 and 14]:

PROPOSITION 6.6. Let 2 be a denumerable well-ordered family of indices, and let
A € algNs (d(A4) = {a,},cx); then

(i) d(4) € 6(A) = 0,(A) = 0, (4) U p,p(4) U 0(4).

(ii) Every nonempty clopen subset of 6(A) intersects d(A), and every component of
o(A) intersects d(A)~; furthermore, if o is a clopen subset of o(A) such that
6No (A)+ D, thencard{v € 2: a, €0} =N,

(iif) Every isolated point of o6(A) belongs to d(A) N 6,(A); moreover, if X € 6y(A4),
then card{v € Z: a, = A} = dim #(A; 4).

@iv) If ker(A — A)* # {0}, then A € d(A), so that o,(A*) is an at most denumer-
able subset of d(A)* = {A: A € d(A4)).

(V) If A — A is semi-Fredholm, then ind(A — 4) > 0.

(vi) Let 1 < n <m < o, and assume that £ =2, + 2, + 2, + .-+ + 2, (ordi-
nal sum: each element of 2, precedes each element of =,,,, h=1,2,...,m — 1);
then the families {a,: v € 2, } have a limit point in the same component of p.z(A) for
at most n distinct indices h,1 < h < m.
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(vii) If X has a last element, B, and a is the last limit ordinal in = (so that
B=a+p—1 for somep,1<p<o0), then {a,,a5.1,05:25--+38nsp—2sAgsp-1
= ag} C 0,(A*)*. In particular, if a,,;_; € p.p(A) (for some j, 1 <j < p), then
.1 is a singular point of the semi-Fredholm domain of A.

PRrOOF. Statements (i) through (v) were proved in the above-mentioned references,
and (vii) follows immediately from Theorem 2.1 and a simple analysis of the matrix
of A*.

vIfEZ2=2+Z2Z,+3,+ - +2, ,then

4,
4, *

A= A, , d(Aj)={a,,:v62h}, h=1,2,...,m.
0 .
A

Let © be a component of p?r(A4). If d(A4,) has a limit point in {, then it follows
from (i) that ind(A — 4,)) > 0 for all A in Q. Since

n=ind(A—4)= Y ind(A—4,) (AeQ),
h=1
it readily follows that {a,: » € 2, } cannot have a limit point in Q for more than n
distinct indices h,1 < h < m. O

Corollaries 2.4 and 2.5 roughly say that the only restrictions that we have to put
on the sequence I' in order to solve Problem 6.1 for the case £ = N, are the natural
ones that we can derive from Proposition 1.1. It is not clear whether the natural
restrictions that we can derive from Lemma 6.6 will provide a similar answer for the
case of a more general well-ordered family 2.

WORK IN PROGRESS. In his article [25], D. R. Larson negatively answered two
important questions due to R. V. Kadison and I. M. Singer and, respectively, to J. R.
Ringrose, concerning nests of subspaces included in the invariant subspace lattice of
a given operator. In this important article, Larson introduced the ideal £%- of a nest
algebra alg A": #%. is the class of all operators A4 in alg A4~ with the property that,
given & > 0, there exists a (perhaps infinite) family {A,} of pairwise disjoint
(open, closed, or semiopen) intervals of [0,1] such that V,E(A,)3= 3¢ and
|E(A,)AE(A,)| < & for all n (where E(-) is the spectral measure associated to A").

Recently, D. R. Larson and the author have obtained spectral characterizations of
the sets

%% = {UAU* + K: U is unitary, 4 € 25, K € X' (X))}
for all possible nests #". (That is, the analogues for 2%. of the results obtained in
(13, 14] for alg A".)

If {e,}%-, is an ONB and A = {{0},[Vi_.{e,}]5=1, o}, then £ is, pre-
cisely, the family of all those operators & in #(5¢) which admit a triangular
matrix with zeroes in the main diagonal, with respect to the basis. In this case,
Corollary 2.5 says that #% = (StrQT)_,. Thus, #% can be thought of as the analog
of (StrQT)_, for an arbitrary nest A".
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The main tools for the characterization of #% are, in all cases, Theorem 2.3 and
its corollaries. Sample results:

(a) If A" is uncountable, then 2% = {T € L(#): 0 € o,(T)}.

(b) If A" is countable and includes a chain {.#,}, .4 such that N, #, = {0}
and V, A, = #, then X% = {(TeZL(K)0e 0,(T) and o,(T)" is connected}.

In all cases (in particular, in (a) and (b)), g?j'} is a closed subset of £ (),
invariant under similarity and compact perturbations. Indeed, the results in [24]
include precise information about the cases when arbitrarily small compact per-
turbations of a given operator T belong to {UAU*: U is unitary, 4 € Z%.}, for a
given nest A",
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