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THE DIAGONAL ENTRIES IN THE FORMULA 
'QUASITRIANGULAR - COMPACT = TRIANGULAR', 

AND RESTRICTIONS OF QUASITRIANGULARITY 

DOMINGO A. HERRERO 

ABSTRACT. A (bounded linear) Hilbert space operator T is called quasi triangular if 
there exists an increasing sequence {Pn }::'-o of finite-rank orthogonal projections, 
converging strongly to 1, such that 11<1 - Pn)TPnll ..... 0 (n ..... 00). This definition, 
due to P. R. Halmos, plays a very important role in operator theory. The core of this 
article is a concrete answer to the following problem: Suppose T is a quasi triangular 
operator and r = {Aj }j'-l is a sequence of complex numbers. Find necessary and 
sufficient conditions for the existence of a compact operator K (of arbitrarily small 
norm) so that T - K is triangular with respect to some orthonormal basis, and the 
sequence of diagonal entries of T - K coincides with r. For instance, if no 
restrictions are put on the norm of K, then T and r must be related as follows: (a) 
if Ao is a limit point of r and Ao - T is semi-Fredholm, then ind(Ao - T) > 0; 
and (b) if n is an open set intersecting the Weyl spectrum of T, whose boundary 
does not intersect this set, then {j: A j En} is a denumerable set of indices. 

Particularly important is the case when r = {O, 0, 0, ... }. The following are 
equivalent for an operator T: (1) there is an integral sequence {Pn }::'=o of orthogo-
nal projections, with rank p. = n for all n, converging strongly to 1, such that 
11<1 - Pn)TP.+11I ..... 0 (n ..... 00); (2) from some compact K, T - K is triangular, 
with diagonal entries equal to 0; (3) Tis quasitriangular, and the Weyl spectrum of 
T is connected and contains the origin. The family (StrQT)_l of all operators 
satisfying (1) (and hence (2) and (3» is a (norm) closed subset of the algebra of all 
operators; moreover, (StrQT)_l is invariant under similarity and compact perturba-
tions and behaves in many senses as an analog of Halmos's class of quasitriangular 
operators, or an analog of the class of extended quasitriangular operators (StrQT)l, 
introduced by the author in a previous article. 

If {p. }::'-o is as in (1), but condition 11(1 - Pn)TPn+11l ..... 0 (n ..... 00) is replaced 
by (1') 11<1 - p • .)TPnk+11l ..... 0 (k ..... 00) for some subsequence {nd'r=l' then (1') 
is equivalent to (3'), Tis quasitriangular, and its Weyl spectrum contains the origin. 
The family (QT)-l of all operators satisfying (1') (and hence (3'» is also a closed 
subset, invariant under similarity and compact perturbations, and provides a differ-
ent analog to Halmos's class of quasitriangular operators. Both classes have "m-ver-
sions" «StrQT)_m and, respectively, (QT)-m, m = 1,2,3, ... ) with similar proper-
ties. «StrQT)_m is the class naturally associated with triangular operators A such 
that the main diagonal and the first (m - 1) superdiagonals are identically zero, etc.) 

The article also includes some applications of the main result to certain nest 
algebras "generated by orthonormal bases." 
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1. Introduction. Suppose that an operator A, acting on a complex separable 
infinite dimensional Hilbert space £, admits a triangular matrix (ai)'rj-l with 
respect to an orthonormal basis of £ (that is, aij = 0 for all i > j). The sequence 
d(A) = (ajj Ji=l of all diagonal entries of A necessarily satisfies certain inclusion 
relations with respect to the spectrum O'(A) of A and its different parts. In order to 
make this clearer, we shall need some notation; O'[(T) (O'r(T» is the left (right, 
respectively) spectrum of the operator T. If .!l'( £) denotes the algebra of all 
(bounded linear) operators acting on £, .x'"(£) denotes the ideal of all compact 
operators, and d(£) = .!l'(£)j.x'"(£) is the quotient Calkin algebra, then 

O'e(T) = the spectrum of the canonical image, t, of Tin d( £) 

is the essential spectrum of T; O'e(T) is the union of the left essential spectrum, 
O'le(T), and the right essential spectrum, eJre(T), of T. The intersection, O'he(T) = 
O'le(T) n O're(T), of these two sets is called the Wolf spectrum of T; its complement, 
Ps.F(T) = C \ O'lre(T) is the semi-Fredholm domain of T. 

Finally, we denote by O'p(T) and O'o(T) the point spectrum of T and, respectively, 
the set of all normal eigenvalues of T. (A E O'(T) is a normal eigenvalue if A is an 
isolated point of O'(T) such that the corresponding Riesz subspace, £(A; T), is 
finite dimensional; equivalently, A is an isolated point of O'(T) \ O'e(T). The reader 
is referred to [11, Chapter 1; 19] for the analysis of these different pieces of the 
spectrum, as well as for the definition and properties of semi-Fredholm operators: 
Ps-t:F(T) = (A E Ps_F(T): ind(A - T) > O}, Ps-::F(T) = (A E Ps-F(T): ind(A - T) 
< O}.) 

With this notation in mind, we have the following result. (In order to simplify the 
notation, we shall write d(A) to denote both the sequence of all diagonal entries of 
the triangular operator A and the set {A E C: A = ajj for some j ~ I}. No 
confusion will arise.) 

PROPOSITION 1.1. (See [10 and 11, Corollary 3.40].) If A is a triangular operator 
with triangular matrix (ai)'rj=l (with respect to some orthonormal basis of £) and 
diagonal sequence d(A) = (ajj }j-l' then 

(i) d(A) C O'(A) = O'I(A) = O'lre(A) U Ps:F(A) U O'o(A), so that ind(A - A) ~ 0 
for all A E Ps-F(A). 

(ii) Every nonempty clopen subset of O'(A) intersects d(A), and every component of 
O'(A) intersects d(A)-, the closure of d(A). Furthermore, if 0' is a clopen subset of 
O'(A) such that 0' n O'e(A)"* 0, then card{j: ajj EO'} = No. 

(iii) Every isolated point of O'(A) belongs to d(A). Moreover, if A E O'o(A), then 
card{j: ajj = A} = dim £(A; A). 

(iv) If ker(A - A)* "* {O}, then A E d(A), so that O'iA*) is an at most denumer-
able subset of d(A)* = (X: A E d(A)}. 

It is easily seen that an operator A is triangular with respect to some orthonormal 
basis (ONB) of its underlying space if and only if there exists an increasing sequence 
{ Pn } ~= 1 of finite-rank orthogonal projections such that Pn -+ 1 (strongly, as n -+ 00), 
and PnAPn = APn for all n = 1,2, .... 
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P. R. Halmos introduced the important notion of quasitriangularity [8]: T E 

!}'(.JtP) is quasitrianguiar if there exists a sequence {Pn } ~= 1 as above such that 
IITPn - PnTPnll. ~ ° (n ~ 00). Every triangular operator is quasitriangular, and 
every quasi triangular operator T is the sum of a triangular operator A and a 
compact operator K; moreover, given E > 0, K can be chosen so that IIKII < E [9]. 

In [15], the author extended the notion of quasitriangularity to consider limits of 
'almost-triangular' (in a certain precise sense) operators. An important piece of 
information for the study of this extended quasi triangularity was the partial analysis 
of the possible location of the diagonal entries of the triangular operators obtained 
from a small compact perturbation of a given quasi triangular one. The main result 
of this article is the (essentially) most complete possible answer to that question: 

Given a quasitriangular operator T, E > 0, and a sequence f = {X j }i= 1 of 
complex numbers such that 

(i') f c alre(T) U Ps:p(T) U ao(T); 
(ii') every nonempty clopen subset a of a(T) intersects f, and card{ j: X j E a} = 

No, whenever an ae(T) '* 0; and 
(iii') card{j: Xj = X} = dim .JtP(X; T) for each normal eigenvalue X of T, 

then there exists K. E f(.JtP), with IIK.II < E, such that A. = T - K. is a triangular 
operator whose diagonal sequence d(A) coincides with the sequence f; furthermore, 
K. can be chosen so that A.I.JtP(X; A.) is similar to T 1.JtP(X; T) for all X E ao(T). 

Indeed, a slightly better (but more technical) result will be proven. For instance, 
(i') can be relaxed to this condition: 

f C alre(T) U [interior a(T)] U ao(T), and f n {X E 
p •. p(T): ind(X - T) = O} only accumulates on the boundary, 
dae(T), of the essential spectrum of T. 

(See §2 below. The last section of the article is devoted to a partial analysis of the 
analogous problems for the cases when the orthonormal bases are totally ordered by 
some denumerable set of indices, not necessarily equal to the set N of all natural 
numbers.) 

As a corollary of this construction (for the particular case when f can be chosen 
equal to the sequence {O, 0, 0, ... }), it will be shown that those results (Theorems 1 
and 1a ) proved in [15] for two different versions of extended quasitriangularity have 
almost completely symmetric versions for 'restricted quasitriangularity.' It will be 
assumed that the reader is familiar with the results contained in this reference. 

Unfortunately, in order to explain these phenomena, we must introduce some new 
notation. Let gJ(.JtP) denote the family of all finite-rank orthogonal projections in 
!}'( .JtP); gJ(.JtP) is a directed set partially ordered by the relation P ~ Q if 
ran P c ran Q. The modulus of quasitriangularity of T E !}'(.JtP) is the nonnegative 
number q(T) defined by 

q(T) = liminf 11(1 - p)TPII = lim {inf 11(1 - Q)TQII}. 
pe9'(.Jf') Pe9'(.Jf') P<, Q 
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The following are well-known equivalent statements for T in 2'(£') (see, for 
example, [11, Theorem 6.4]): 

(i) T belongs to the class (QT) of all quasitriangular operators; 
(ii) there exists a (not necessarily increasing) sequence {Pn}~=l in &J(£') such 

that Pn -+ 1 (strongly) and 11(1 - Pn)TPnll -+ 0, as n -+ 00; 
(iii) q(T) = 0; 
(iv) T is the norm-limit of a sequence of triangular operators; 
(v) ind(A - T) ~ 0 for all A E Ps_F(T); 
(vi) T can be decomposed as T = A + K, where A is triangular and K is compact 
(vi). given e > 0 there exists K. E .%(£'), with IIK.II < e, such that A. = T - K. 

is triangular. 
Furthermore, dist[R, (QT)] = q(R) for all r in 2'(£'). 
Moreover, it readily follows from the equivalence of (i) and (vi) that (i) is also 

equivalent to the more stringent condition: 
(i') there exists {Pn}~-O c &J(£'), such that Pn -+ 1 (strongly, as n -+ 00; in 

symbols: Pn jl), rank Pn = n for all n = 0,1,2, ... , and 11(1 - Pn)TPnll -+ 0 (n -+ 
00). 

Following this model, and [15], we shall say that A E 2'( £') is (-m )-triangular if 
there exists {Pn}~-O c &J(£'), with Pn iI, such that rank Pn = nand 
(1 - Pn)APn+m = 0 for all n = 0,1,2, ... , that is, A admits a matrix representation 
of the form A = (aij)f:j=l with aij = 0 for all j < i + m, with respect to some 
ONB of £'. A sequence {Pn}~=O c &J(£') satisfying the above conditions is 
obviously a maximal chain in &J(£') and every maximal chain in &J(£') converging 
strongly to 1 has that form. 

An operator A will be called almost (-m )-triangular if there exists a maximal 
chain {Pn}~=O c &J(£'), withPn iI, and a subsequence {ndk'=l such that 
(1 - Pn)APnk+m = 0 for all k = 1,2, .... 

Clearly, every (-m )-triangular operator is almost (-m )-triangular, but the con-
verse is false. (If R is an orthogonal projection of infinite rank and nullity, then R is 
almost (-m )-triangular for all m ~ 1, but R is (-m )-triangular for no value of m.) 

Imitating the definition of quasitriangularity, we shall say that T is strictly 
(-m)-quasitriangular (class (StrQTLm) if 11(1 - Pn)TPn+mll -+ 0 (n -+ 00) for some 
maximal chain {Pn}~=O c &J(£'), with Pn iI, and a subsequence {ndk'=l such that 
11(1 - Pn)TPnk+mll-+ O(k -+ oo)(m = 1,2, ... ). 

In the same vein, we define the modulus of strict (-m)-quasitriangularity strq_m(R) 
of an operator R E 2'(£') by 

strq_m(R} = inf{ lim sup 11(1 - Pn)TPn+mll: {Pn}:=o c &J(£'), Pn iI, 
n 

is a maximal Chain} , 

and the modulus of (-m)-quasitriangularity q_m(R), by 

q_m(R) = liminf (infll(I- p)TP'II: P' c &J(£'), P' > P, rank(P' - P} = m}. 
PErP(.Jff') 



RESTRICTIONS OF QUASITRIANGULARITY 

We have the following chains of inclusions: 

C (StrQT)_<m+l) C (StrQT)_m C ... c (StrQT)_l c (StrQT)o 

= (QT) c (StrQT)l c ... c (StrQT)m c (StrQT)m+l c 
c (QT)-<m+l) c (QTLm c ... C (QTLI c (QT)o 

= (QT) c (QT)l c ... c (QT)m c (QT)m+l c ... , 

5 

and (StrQTLm c (QT)-m for all m = 1,2, ... , where (StrQT)m and (QT)m are the 
classes defined in [IS]. (All the inclusions are proper, as we shall see immediately; 
(QT)-m is not included in (StrQTL p for any p > 0.) 

For the first restriction of quasitriangularity, we have the following result. (Recall 
that an operator A is essentially normal if A*A - AA* is compact.) 

THEOREM 1.2. For each m ~ 1, the following statements are equivalent for T in 
.P(J't'): 

(str-iLm T E (StrQTLm. 
(str-iiLm There exist {Pn}~=O' {Rn}~=O c &J(£), with Rn jl, such that {Rn}~=O 

is a maximal chain, and IIPn - Rnll--+ 0 and 11(1 - Pn)TPn+mll --+ 0 (n --+ 00). 
(str-iiiL m strq_m(T) = o. 
(str-iv) _ m T is the norm-limit of a sequence of operators of the form A + F, where A 

is (-m)-triangular and F has finite rank. (Furthermore, if C10(T) = 0, then Tis 
actually a norm-limit of (m )-triangular operators.) 

(str-vLm The Weyl spectrum C1 w(T):= C1e(T) U Ps:p(T) U p;;p(T) of T is a con-
nected set containing the origin, ind('\ - T) ~ 0 for all'\ E Ps.p(T), and either Tis 
not a semi-Fredholm operator, or T is semi-Fredholm with ind T ;;;?: m. 

(str-viLm T can be decomposed as T = A + K, where A is (-m)-triangular and K is 
compact. (Furthermore, if C1o(T) = 0, then given e > 0, K can be chosen so that 
IIKII < e.) 

(str-ixLm There exists a unilateral shift So, defined by Soen = en+l with respect to 
an ONB {en }~-l of £, such that 11(1 - Pn)SomTPnll --+ 0 (n --+ 00), where Pn denotes 
the orthogonal pi'ojection of £ onto the subspace V{ e1, e2 , .•. , en} spanned by the first 
n vectors of the basis (n = 1,2, ... ). 

Furthermore, if m ~ 2, then each of the above statements is also equivalent to the 
following one: 

(str-xiLm For some (for all) j, 1 ~ j < m, there exist 0 E :t"(J't') and a subspace 
Jtj invariant under T - 0, such that this operator admits a representation of the form 

T- Cj = (~ ~~);eJtj' 
where 1j E .P( Jtj) is an essentially normal (-j)-triangular operator and A j E 

.P ( J't' e Jtj) is (j - m )-triangular; moreover, if j ~ 2, then 1j is unitarily equivalent 
to the direct sum of j essentially normal (-I)-triangular operators. 

Furthermore, 

dist[R, (StrQT)_m] = strq_m(R) for all R E 2(£). 
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The enumeration of the statements of Theorem 1.2 corresponds to the analogue 
enumeration of the statements of Theorem 1 of [15], to help with the comparison 
between two "symmetric" results. The absence of statements (str-viiLm, (str-viiiLm' 
(str-viiiL m,., (str-xLm' (str-xiiLm, and (str-xiiLm,. (analogous to the corresponding 
statements of [15, Theorem 1]) is due to the fact that we do not have, for 
(-m )-triangularity, a property symmetric to m-multiplicity. A similar observation 
applies to Theorem 1.2a below. (Compare with Theorem 1a of [15].) 

For the second restriction of quasi triangularity, we have the following results. 

THEOREM 1.2a• For each m ~ 1, the follOWing statements are equivalent for T in 
!i'( .Yt'): 

(iLm T E (QTLm. 
(iiLm There exists {Pn}~=O' {P:}~=o c 9(.Yt') such that Pn ~ P: and 

rank(P: - Pn) = mfor all n = 1,2, ... , Pn -+ 1, P: -+ 1 (strongly, but not necessarily 
increasingly) and 11(1 - Pn)TP:1I -+ 0, as n -+ 00. 

(iiiLm q_m(T) = 0. 
(iv) _ m T is the norm-limit of a sequence of almost (-m )-triangular operators. 
(vLm Tis quasitriangular, and either ° E O'lre(T), or ° E p.:F(T) and ind T ~ m. 
(viLm T = A + K, where A is almost (-m)-triangular and K is compact. 
(viLm,. Given E > 0, there exists K. E Jt"(.Yt'), IIK.II < E, such that A. = T - K. 

is almost (-m )-triangular. 
(ixLm T E (QT) and there exists a unilateral shift S of multiplicity one such that 

smTE (QT). 
(xiLm For some (for all) j, 1 ~j ~ m, there exist ~ E Jt"(.Yt') and a subspace 

Jfj invariant under T - Cj such that this operator admits an operator matrix de-
composition of the form 

T - ~ = (~ ~~ ) ~E Jtj , 

where 1j E !i'(Jtj) is an essentially normal (-j)-triangular operator and Aj E 

!i' ( .Yt' e Jtj) is almost (j - m )-triangular. (l n particular, if j = m then A j is triangu-
lar). Moreover, ifj ~ 2, then 1j is unitarily equivalent to the direct sum ofj essentially 
normal (-I)-triangular operators, and 0'0 (1j) = 0. 

(xiLm,. Given E> 0, for some (for all) j, 1 ~j ~ m, there exists ~ E Jt"(.Yt'), 
with 1191 < E, such that T - ~ admits the representation of (xiLm satisfying the 
conditions of that statement. 

Furthermore, 
dist[R, (QT)_m] = q_m(R) for all R E!i'( .Yt'). 

A large part of this article was developed during two informal seminars on 
operator theory held at the University of California at San Diego during the 
summers of 1983 and 1984 and (slightly weaker versions of) the results were 
announced in Chapter 13 of the monograph [2]. The author is deeply indebted to 
Professors J. Agler, J. A. Ball, L. C. Chadwick, L. A. Fialkow, J. W. Helton, and 
M. B. Pecuch for many helpful discussions. 
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2. On the formula 'quasitriangular - small compact = triangular'. Following C. 
Apostol [1], we define for Tin !l'(.Yt') and X in Ps.F(T), 

minind(X - T) = min{nuI(X - T),nul(X - T)*}, 

where nul R = dim ker R. 
We shall say that X is a regular point of the semi-Fredholm domain of T (in 

symbols: X E p~.F(T» if the function JL -+ minind(JL - T) is constant on some 
neighborhood of X; p~.F(T) = Ps-F(t) \ p~_F(T) is the set of all singular points of the 
semi-Fredholm domain of T. 

Before establishing the most general result about the diagonal entries of a 
triangular compact perturbation of a quasi triangular operator, it is convenient to cite 
in full length two results of Apostol's article, which will be heavily used in the 
proofs. 

Given T E !l'(.Yt'), let ~(T) = V {ker(X - T): A E p~_F(T)}, let ~(T) = 
V{ker(X - T)*: A E p~_F(T)}, and let .Yt'o(T) be the orthogonal complement of 
Jf;.(T) + ~(T). Denote the compression of T to ~(T), ~(T), and .Yt'o(T) by 1'" 
~, and To, respectively. 

THEOREM 2.1 [1, 11, Theorem 3.38]. (i) ~(T) is orthogonal to ~(T), so that 
.Yt'= ~(T) G) .Yt'o(T) G) ~(T). 

(ii) ~(T) and ~(T) G) .Yt'o(T) are invariant under T, so that T admits a 3 X 3 
upper triangular matrix representation 

* 
(

1', 

T= ~ ~o 

with respect to the above decomposition, where 
(iii) T,. = T I ~(T) is a triangular operator, 17(1',) = 17/(1',) = a\re(T,.) U Ps~F(Tr)' 

a(T,.) is a perfect set, every component of a\re(1',) intersects the set a/Tr)- and 
17/1',*) = 0, so that P!.F(1',) = 0 and minind(X - T,.) = 0 for all X E Ps-F(T,.), 
and 

(iv) T/ is the adjoint in !l'(~(T» of the triangular operator T* I ~(T), a(~) = 
ar(~) = alre(~) U Ps-:'F(~)' a(~) is a perfect set, every component of alre(~) inter-
sects the set [ap(~*)-]*, and ap(~) = 0, so that P!-F(~) = 0 and 

minind(X - ~) = 0 for all X E Ps-F(~). 

Furthermore, 
(v) X -+ Pker(A-T) (X E Ps_F(T» is a continuous function for X in p~_F(T) and 

discontinuous for X in p~_F(T); 
(vi) Ps_F(T) C C \ [ar(1',) U a/(~)]; 
(vii) p~_F(T) C p(To):= C \ a(To); 
(viii) p~_F(T) C ao(To); 
(ix) ao(T) C p(T,.) () p(~) () ao(To); 
(x) if A is a finite subset of If.-F(T), then T is similar to TA G) Tf.., where TA acts on a 

finite dimensional subspace, a(TA) = A and A C p~_F(TD. 
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In what follows, we shall write A - B (A ~ B) to indicate that A and Bare 
similar (unitarily equivalent, resp.) operators. If CJ is a nonempty clopen subset of 
CJ(T), then £( CJ; T) will denote the Riesz spectral subspace corresponding to CJ (if 
CJ = {A} is a singleton, we continue to write £(A; T) to simplify the notation). For 
each subspace vH of £, T.-If denotes the compression of T to vH; that is, 
T.-If = P.-IfT I vH, where P.-If denotes the orthogonal projection of £ onto vH. As 
usual, A e B will denote the direct sum of the operators A E 2(£1) and BE 
2 (£2)' acting in the usual fashion on the orthogonal direct sum £1 e £2 of the 
underlying spaces. For each cardinal a, 0..;; a ..;; No, A(a) is the direct sum of a 
copies of A, acting on the orthogonal direct sum £(a) of a copies of £ (A E 
2(£». 

THEOREM 2.2 [1, 11, Theorem 3.48; 12]. Let T E 2(£) and let e > 0; then there 
exists K E Jt'"(£) such that 

IIKII< e + tmax{dist[A,CJe(T)]: A E CJo(T)} 

and 

minind(T + K - A) = 0 for all A E Ps-F(T). 

In particular, CJ(T + K) = CJ w(T). 

Indeed, ad hoc modifications of the proof of Theorem 2.2 (see [1, 11, §3.4)) show 
that we can construct, for instance, K E Jt'"(£), with IIKII < e, such that T + K 
has the same normal eigenvalues as T, and K 'erases' part, but not all, of the 
singular points of p!_F(T) \ CJo(T). It is not difficult to see that the points of CJo(T) 
cannot be removed with small compact perturbations, while all the points of 
p!_F(T) \ CJo(T) = p!_F(T) n [interior CJ(T)] can be removed at once with an arbi-
trarily small compact perturbation. On the other hand, it is impossible to add a 
singularity at a regular point A of Ps_F(T) such that minind(A - T) = 0, by using a 
very small, not necessarily compact, perturbation. In this sense, {A E Ps_F(T): 
minind(A - T) = O} is a highly stable part of Ps_F(T) (under small compact 
perturbations). 

For each h, -00 ..;; h ..;; 00, we write p~_F(T) = {A E Ps_F(T): ind(A - T) = h}. 
Following C. Apostol [1, 11, §3.4], we shall say that T E 2(£) is a smooth 

operator if 

minind(A - T) = 0 for all A E Ps_F(T). 
If T is smooth, then CJ(T) = CJ w(T); in particular, p:_F(T) = CJo(T) = 0. 
Now we are in a position to state the main result of this article. 

THEOREM 2.3. Let T be a smooth quasitriangular operator, and let f = {A j }j-1 be 
a sequence of complex numbers such that 

(i) Aj E CJ(T) forallj = 1,2, ... , 
and 

(ii) every nonempty clopen subset CJ of CJ(T) satisfies card{ j: A j E CJ} = No. 
Given e > 0, there exists Ke E Jt'"(£), with IIKell < e, such that A = T - Ke is a 

smooth triangular operator with d(A) = f. 
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For arbitrary (Le., not necessarily smooth) operators, we have the following 
general result: 

COROLLARY 2.4. Let T E (QT), and let f = {Aj}j=l be a sequence of complex 
numbers such that 

(i) ao(T) c f c alre(T) U Ps~p(T) U ao(T) U [interior{p~p(T) n aCT)}]; 
(ii) every nonempty clopen subset a of aCT) intersects r, and card{ j: A j E a} = No, 

unless a is a (necessarily finite) subset of ao(T); 
(iii) card{ j: A j = A} = dim £( A; T) for each A E ao(T); 
(iv) fo = {A j E f: A j E interior[p~_p(T) n aCT)]} is a finite (possibly empty) or 

denumerable sequence whose limit points belong to oae(T); 
(v) f includes a finite (possibly empty) or denumerable subsequence fs such that 

every A in fs is a point of 

[P~F (T) n ( { A E Ps-F (T): min ind( A - T) = O} - )] \ ao (T). 

Moreover, if A E fs' and T - T.,.. (B T{ (with the notation of Theorem 2.1(x», then A 
is associated with some nonzero invariant subspace JI.,.. of T.,.. (in a sense that will be 
made clear below), and card{ A j E fs: A j = A} = dim JI.,.. and 

(vi) f also includes a finite (possibly empty) or denumerable subsequence 

f so C Ps_F(T) n({A E p~_p(T): minind(A - T) > O} -), 
f so does not accumulate in Ps_F(T), each A in f so is associated with a given operator R.,.. 
acting on a nonzero finite dimensional space ~.,.., and 

card { Aj E p?: Aj = A} = dim ~.,... 

Then, for each e > 0 it is possible to find K. E .%(£), with IIK.II < e, such that 
(1) A = T - K. admits a triangular matrix (aijrrj-l with respect to a suitable 

ONB{ej}.f=lof£; 
(2) the diagonal sequence d(A) = {ajj }j=l of A coincides with the sequence f; 
(3) a(A) = alre(T) U Ps~F(T) U ao(T) U {A j E f so: ind(Aj - T) = O}; 
(4) if tl. = {A E ao(T): dist[A,ae(T)] > e}, then £(tl.; A) = £(tl.; T), and 

AI£(tl.; A) = TI£(tl.; T); 
(5) if A E ao(T), then dim £(A; A) = dim £(A; T), and A I £(A; A) -

TI£(A;T); 
(6) if A E fs' then A E p~_F(A), andA - A.,.. (B A~, with A.,.. - T.,.. IJI.,..; and 
(7) if A E f so, then A E p!_p(A) and A - A.,.. (B A~, with A.,.. - R.,... 

Since the operator A = T - K. of Corollary 2.4 is triangular, it readily follows 
from Proposition 1.1 that P!_p(A) = ao(T) U fs U f so, and that the singular behavior 
associated with a singular point A E p~_F(A) is exactly the one described by (5)-(7) 
of that theorem. Comparison between Corollary 2.4 and Proposition 1.1 will 
convince the reader that Corollary 2.4 describes, essentially, the most general answer 
that we can expect for our problem. Of course, a small compact perturbation of T 
can produce, for instance, a triangular operator A such that ao(A) is a finite subset 
of ao(T) ('push' each of the points in ao(T) \ tl. to a nearest point in oae(T)!), or a 
triangular operator A all of whose normal eigenvalues have multiplicity one, etc. 
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However, the diagonal of any triangular operator obtainable from T by a small 
compact perturbation can now be easily described with the help of Theorem 2.2 and 
Corollary 2.4. 

On the other hand, the most complete answer to the analogous problem for the 
case when we allow compact perturbations of arbitrarily large size is given by the 
following corollary. The proof is an (easy) exercise, and will be left to the reader. 
(Observe that, by Proposition 1.1, interior {A E Ps-F(A): min ind(A - A) > O} = 0 
for all triangular A.) 

COROLLARY 2.5. Let T E (QT), and let f = {AjJi-l be a sequence of complex 
numbers such that 

(a) all the limit points of f belong to C71re(T) U Ps:F(T), and 
(b) if D is an open set such that D n [C71re(T) U Ps:F(T)] = 0, but aD n [C7 lre(T) 

U p:F(T)] = 0, then card{ j: Aj ED} = No. 
Then there exists K E %( JIf') such that A = T - K is triangular with diagonal 

sequenced(A) = f. 
Conversely, if C E %(JIf') and B = T - C is triangular, then the diagonal se-

quence d(B) of B necessarily satisfies (a) and (b). 

In the remainder of this section, we shall reduce the proof of Corollary 2.4 to that 
of Theorem 2.3. First of all, it will be shown that the condition d(A) = f (as a 
sequence) can be somehow relaxed. Indeed, the following lemma frees us from the 
tyranny of a particular ordering of the elements of f. 

LEMMA 2.6. Suppose that A E!l' (JIf') admits a matrix representation of the form 

Al a12 a l3 alj el 

A= 

o 
with respect to some ON B {e j } j:.l of JIf', and let 'IT be a permutation of the set N of all 
natural numbers (i.e., a bijective mapping of N onto itself). Then A also admits a 
representation of the form 

A'IT(l) b12 bl3 blj fl 
A'IT(2) b23 b2j f2 

A.".(3) b3j f3 
A= 

0 A,,(J) ~ 

with respect to an ONB {~Ji-l of JIf'. 
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PROOF. Define gl = e1• It is easily seen that, for each h > 1, we can inductively 
find a nonzero vector gh in 

{V { e } J -1 n ker( A h - A) h} \ V { g l' g 2, ... , gh - d . 
Let {fh }'h-l be the Gram-Schmidt orthonormalization of the sequence {g1T(h) }'h=I' 

and let f7i = V{ fh }'h-l. Clearly, f7i is invariant under A, and 

* 
AIf7i= 

o 

It only remains to show that f7i = £; equivalently, we have to prove that ej E f7i 
for all j = 1,2, .... 

Given j, let m be thefirst index such that {?T(h)}h=1 :::) {l, 2, ... , j}; then 

f7i= V{fhr:=I:::) V{fh}:=1 = V{g1T(h)}:=I:::) V{g;}1=1 = V{e;}1=1 3 ej . 

Hence, f7i = £. 0 
First reduction. Let T, f and e > 0 be as in Corollary 2.4. Given 8, 0 < 8 < e/lO, 

let fJ./j = {A E ao(T): dist[A, ae(T)] > 8}, and let f7i/j = £(fJ./j; T); then we have 
the decomposition 

( F/j * )f7i/j 
T = 0 R/j £e f7i/j - F/j e R/j, 

where F/j = T 1 f7i/j' and R/j - T/j = T 1£( aCT) \ fJ./j; T). Clearly, 
p~_F(T/j) = p~_F(T) \fJ./j' 

and 

minind(A - T/j)k = minind(A - T)k 

for all A E Ps_F(T) \ fJ./j, and for all k = 1,2, ... , whence we deduce that the 
singular behavior of R/j associated to each point JL of p~_F(R/j) is exactly the same as 
the singular behavior of T associated to JL (described by Theorem 2.1(vi)-(x)). 

Let ~/j = {A E p~_F(T): A = Aj for some Aj in fs' and dist[A, alre(T)] ~ 8}. 
By Theorem 2.1(x), there exists W invertible in 2(£ e f7i/j) such that 

R/j = W [ R~ e C~8 Tl\ } ] w-l, 

where Tl\ is defined as in Theorem 2.1(x), and p~_F(R~) = p~_F(R/j) \ ~/j; then 

Tl\ = (A +0 Ql\ A +* QJ; ~ , 
where Ql\' Q~ are nilpotent operators acting on the finite dimensional spaces .A l\ 
and, respectively, .At. 
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For each A. E ~8' we can find X' $. p~_F(T) such that 

IA. - X'I < 8/(IIwll· IIw-lll)· 

( A. + Qi\ *) J!t i\ Til -
i\ - 0 X' + Q~ J!t / ' 

then IITi\ - Ttll = IA. - X'I, Til - (A. + Qi\) EEl (X' + QD, and we can find a 
finite-rank operator KI such that !?Il8 reduces K1, KI 1!?Il8 = 0, 

II KI II < (max II Ti\ - Ttll) . IIWII· IIw-lil < 8, 
i\E~6 

and 

where C(~8) - (fJi\E"2.a(A. + Qi\), and S8 - R~ EEl {(fJi\E"2..(X' + QD}· 
Observe that 

00(S8) C OOlre(T) 8:= {A. E C: dist[A.,OOlre(T)] < 8}. 
By Theorem 2.2 and its proof (see [1, 11, §3.4]), there exists K2 compact, with 
IIK211 < 8, such that !?Il8 EEl.9'8 reduces K2, K21!?1l8 EEl .9's = 0, and 

T-(KI + KJ = (~8 C(~s) : )~: , 
o 0 S;.)'f' e (!?Ils EEl .9'8) 

where p~.F(SD = p~.F(T) n [oolre(T)]8' and minind(A. - SDk = minind(A. - T)k 
for all A. E Ps-F(SD \ {t::..8 U ~s}, and for all k = 1,2, .... 

Second reduction. Let 

( 
Tr 

S; = ~ ~o 
* 

be the triangular representation of S; given by Theorem 2.1 (with T replaced by S;), 
and let Gs be a cyclic operator acting on a space of finite dimension m, such that 
o( G8 ) C rso \ [00lre(T)]8· 

By Theorem 2.2 and its proof (see the above references), we can find an invariant 
subspace J!t Ii of 1',., dim J!t 8 = m, such that 

( G~ *) J!t 8 ., 
1',. = 0 1',.' £;.( s;) e J!t~' wlth Gs - Gs, 
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and K3 compact, with IIK311 < 8, such that 

FIl * * * * * 9111 
0 C(~Il) * * * * sPll 

0 0 G~ * * * .,{{Il 
T - (Kl + K2 + K3) = 0 0 0 T" * * £,,,(S;) , r 

0 0 0 0 T," 0 * £'0"( Sa) 

0 0 0 0 0 T" I ~"(s;) 

where £,"(S8) C [£,(S;) e"({ I)], ~"(S;) C ~(S8), £'o"(S;) ::> £'o(S;), and 

T," * * 
minind A - 0 

o 
To" * 
o T" I 

=0 

13 

for all A E Ps_p(T)\p!_p(S8). (The subspace £,"(S8) ffi~"(S8) reduces K 3 , and 
K3 = 0 on the orthogonal complement of this subspace.) 

Now it is not difficult to see that, if GI) is cleverly chosen, we can find a finite-rank 
operator K4 E.!l'( £'), with IIK411 < 8, such that .,({ I) reduces K4, K4 I"{{ f = 0, and 

T -(Kl + K2 + K3 + K4) 
FI) F12,11 F13,1) * * * 911) 
0 C(~I) F23 ,11 * * * sPlI 

0 0 G~' * * * .,((I) 

0 0 0 T" r T12,1I T13 ,1I 
£,,,( Sa) , 

0 0 0 0 1'," 0 T23 ,1I £'0"( Sa) 

0 0 0 0 0 T," I £'0"( Sa) 

where G8' - E9 {R~: A E fso \ [oalre(T)]Bl. (The details of the choice of the right 
GI) and the right K4 are straightforward and will be left to the interested reader, if 
any!) 

Thus 

( ( CI) c;)£'e £8 T - Kl + K2 + K3 + K 4 ) = .>bJ' o AI) "'II 

where £' e.Jt"1I = 9111 ffi sPl) ffi.,({ I) is a finite dimensional subspace, 

(
FI) F12,1) F13,Il) 911) (Tr" T12,1I T13,l)j£,"(S;) 

CI) = 00 C(~I) F23 ,1) sPlI , and AI) = 0 To" T23 ,1) £'o"(S;); 
o G~'.,({ I) 0 0 Ti" ~,,( Sa) 

moreover, T - (Kl + K2 + K3 + K4) - CI) ffi All' p!_p(AII) = p!_p(T) n 
[oalre(T)]I)' 
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and 

minind(A - AIl)k - minind(A - A Il )k-l 

= minind(A - T)k - minind(A _ T)k-l 

for all A E p~_F(AIl)' and for all k = 1,2,3, .... 
Third reduction. Since p~_F(AIl) C [oolre(T)]1l = [oolre(A)]Il' we can use J. G. 

Stampfli's argument in order to find a compact normal operator K; E 2"(£'1l), with 
IIK;II ~ 8, such that All - K; is a smooth operator. (Roughly speaking, K; 'pushes' 
each A in p~_F(AIl) to one of its nearest points in oOlre(A Il ); see [22], or [11, 
Proposition 3.45] for details.) 

Fourth reduction. Let f = {A j }j=1 be the sequence of Corollary 2.4, and let 
fl = {A:j }j=1 be the subsequence obtained from f after deleting the finitely many 
terms corresponding to the diagonal entries of a triangular matrix representation of 
the operator Cil . To each A:j in f' we associate a point ILl E o(AIl)\oo(A Il ), 
according to the following rules. Let fll be the subsequence of f consisting of all 
those A/S such that Aj E 0o(AIl)(fll C f/!); then: 

(1) if A:j E fll U fs U f so, we define ILl as some point in oOlre(A Il ) (= oOlre(T» 
such that lA:j - ILjl = dist[A:j,olre(T)]; 

(2) if A:j $. fll U fs U f so, we set ILl = A:j . 
Let :::: = {ILl} 'i= 1· Assume that Theorem 2.3 is true; then we can combine this 

result with Stampfli's construction [22] in order to find an operator K ~ E f ( £'Il), 
with IIK~II < 28, such that All - K~ is a smooth triangular operator with matrix 
(a;)rj=1 such that d(AIl - K~) = {aij }'i=1 coincides with ::::. (Take K~ = K~(l) + 
K~(2), where K~(l) is a compact normal operator that 'pushes' A:j to ILl for all 
A:j E fll U fs U f so, and then use Theorem 2.3 to construct a suitable K~(2), with 
IIK~(l)1I < 8 and IIK~(2)11 < 8.) 

Fifth reduction. Now, with the help of Theorem 2.2, we can construct K~ E f(£'Il), 
with IIK~II < 28, which 'pulls' ILl back to A:j for all A:j E fll U fs U f so, in such a 
way that 

A8 = All - (K~ + K~) = (a;j)rj=I' 
a;j = a;i' if i "* j (= 0 if i > j), or i = j but A:j $. fll U fs U f so, 
aii = A:j , if A:j E fll U fs U f so, p~_F(A8) = {A:/ A:j E fll U fs U f so}, and 
A8 - A8(A) E9 A(Cm(A) for each A E C such that A = A:j for some A:j in fll U fs 

U f so, where A $. p~_F(A8(A», A(cm(A) is 'A times the identity operator' on Cm(A), 
and 

{
dim£,(A; T), if A E fll' 

m(A) = dim vitA' if A E fs' 
dim ,q~\, if A E f so. 

Sixth reduction. Finally, by a straightforward construction (by modifying 'point 
by point' in p~_F(A8» we can find K~ E f(£'Il)' with IIK~II < 8, such that the 
operator BIl = A8 - K~ admits a triangular matrix (b i)rj=1 (with respect to a 
suitable ONB of £'Il) with diagonal sequence d(BIl) = {bjj }j=1 = d(A8) = f/, 
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p~_F(B8) = p~_F(AI{) = {X/ Xj E f8 U fs U f so}, and B8 - B~(A) E9 B8(A) for each 
A in p!_F(B8), where minind(A - B~(A» = 0, and 

{
TI£'(A;T), ifAEf8' 

B8(A)issimilarto T>.I.,((>., if A E fs' 
R>., if A E f so-

Let K. = L~=lKr' where Kr = O;e 9.Jf8 E9 K: for r = 5,6,7,8; then K. E f(£,), 
IIK.II < 1O~ < e, and 

( C8 C; ) £' e £'8 A = T - K. = -vP - C8 E9 B8 -o B8..n8 

Since d(B8) = f' and C8 has a triangular matrix whose diagonal entries coincide 
with the finite sequence (f \ f'), it follows from Lemma 2_6 that A admits a 
triangular matrix (aij)i,j=l with diagonal sequence d(A) = {ajj}i=l = f; Le_, A 
has the properties (1) and (2) of Corollary 2-4- Furthermore, it is not difficult to 
check from the above construction that A also has properties (3)-(7) (use Proposi-
tion 1.1}-

Thus, we have reduced (in a very concrete way!) the proof of Corollary 2-4 to that 
of Theorem 2.3. 

3. 'Smooth quasitriangular - small compact = smooth triangular'. This section is 
devoted to proving Theorem 2.3. 

LEMMA 3.1. Let T E 2(£'), and let Q = interiorQ- be a nonempty bounded open 
set such that aQ c O"le(T) and Q-c O"lre(T) U o/T). Given e> 0 there exist K. E 
f(£,), with IIK.II < e, and an essentially normal A such that o(A) = Q-, 0e(A) = aQ, 
ind(A - A) = nul(A - A) = 1 for all A E Q, and 

T_K=(A Tl2) 
• 0 T22 

satisfies 

minind(T - K. - A)k = minind(T - A)k 
for all A E Ps_F(T), and for all k = 1,2, .... 

PROOF. It is not difficult to check that Q- is actually a subset of 0lre(T) U 0p(T,.), 
where T,. = T I £,.(T) (as in Theorem 2.1). 

By Voiculescu's theorem, there exists Kl E f(£,), with IIKll1 < e/4, such that 

( N Bl2) T - Kl ~ T E9 0 B22 ' 

where N is a given normal operator such that o(N) = O"e(N) = aQ, and O(B22) C 

oe(T) (see [11, Chapter 4; 23]; the precise form of N will be described below). 
Let {Q i } be an enumeration of the components of Q; for each i, choose Wi E Q;, 

and J.Li a representing measure for Wi supported by aQi [7]. Now we define 
N = M(aQ)(oo), where M(aQ) = 'multiplication by A' acting on L2(aQ, J.L), where 
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Z ) H2(3Q) 
M_(3Q) L2(3Q,fL) e H2(3Q)' 

(where H2(3Q) denotes the closure in L2(3Q, fL) of the rational functions with poles 
outside Q-), and (by Theorem 2.1) 

M +(3Q) ( Z o ) * * 

(T. * 
: ) ffi (~) ( M _~3Q) ~(2) ) * * 

T - K 1 :::: ~ To * * 
0 T, 0 0 0 N * 

0 0 0 0 B~2 

(~ _(3Q) ~) 0 * 

(~ ~) ( M+fU) 0 

1) Tr * 
0 

0 0 ( ~o ;J ~(~ ;~J 

~ (~' 
0 

~,,) , R 
0 

where 

and 

Observe that R is quasi triangular, a(R) C o(T)\oo(T), and oo(R) = 0; there-
fore, we can find K2 E $"(£'), K2 =:: 0 ~ K~ ~ 0, with IIK211 < e/4, such that 

where R' = R - K~ is triangular with respect to an ONB {.fj }/=l of £'2' with 
d(R') = {'jj }i=l' and a(R') C 0lre(T) (use [15, Proposition 4.4, 2, Proposition 
13.11]). 
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Let Pn denote the orthogonal projection of.n"2 onto V{/l' 12"'" In}. Since Z' is 
compact [3, 11, §4.1], we can find n = n(e) so that 11(1 - Pn)Z'11 < e/4. For this n, 
we have 

v o o * 
* PnZ' R~ * 

T - (Kl + K2 + K3) "'" 0 0 R" * .n"{, 
T" .n"3 o o o I 

where .n"o = .n"l m ran Pn, .n"{ =.n"2 e ran Pm R" = R$2' R~ = R' I ran Pn, and 

K, +1- ;O)Z' ~l 
is compact, with IIK311 < e/4. 

Clearly, 

W= (p~, ;J 
is a quasitriangular finite-rank perturbation of V m 1ranPn" In particular, M +(aO), V 
and W are essentially normal operators [3, 11, §4.1] and, if n is large enough, 
ao(W) c aOe/ 4 (use the upper semicontinuity of the spectrum [11, Chapter 1, 19]). 
By using Stampfli's argument [22], we can find a normal compact operator K4 "'" K~ 
m O£; m 0£3' with IIK411 ~ e/4; such that A = W - K4 satisfies our requirements, 
and 

( A Tl2) 
T - Ke "'" 0 T22 

(where Ke = Kl + K2 + K3 + K4 E .Jt'"(.n"), and IIKell < e) satisfies the conditions 
minind(T - Ke - X)k = minind(T - X)k 

for all X E Ps_F(T), and for all k = 1,2, .... 
Indeed, by construction, both A and R" are smooth quasitriangular operators, 

whence it readily follows from Theorem 2.1 that 

L(B)=(~ !,,) 
is also a smooth quasitriangular operator for all B, because ker[X - L(B)]* is 
necessarily trivial for all X in Ps-F(T). Thus, the only singularities of T - Ke are 
those' accumulated' in the To entry of Tj", whence the result follows. 0 

The second ingredient of the proof is a finite dimensional approximation argu-
ment. 

LEMMA 3.2. Let y be a Jordan arc in C, joining p and Il, and let R E .!C'(Cm) be an 
operator such that a(R) c y. Given e> 0, there exist n = n(y, e, R), a normal 
operator N E .!C'(C n ) such that Il, p E a(N) c y, and a nilpotent operator Q E 

.!C'(cm + n ) such that IIR m N - (p + Q)II < e. 

PROOF. If m = 1, this is [12, Lemma 2.7] (or [11, Lemma 12.45]). 
Assume m ~ 2. Clearly, we can find m distinct points Ill' 1l2"'" Ilm E Y such 

that dist[llj> a(R)] < e/2 for all j = 1,2, ... , m, and an operator R' E .!C'(C m ) such 
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that a(R') = {IlI,1l2, ... ,llm} and 

II R - R' II = max { dist [Il j' a ( R ) ] : 1 ~ j ~ m } < e /2. 
Since R' has m distinct eigenvalues, there exists W invertible in £"(C m) such that 

R' = W(diag{IlI' 1l2"'" Ilm})W- l . By applying the result of the above references to 
the m + 1 points Ilo = Il, Ill' 1l2"'" Ilm' with e replaced by (e/2)(IIWII 'IIW-IID, 
we can find Pj = pir, e, Il) and ~', Qj E £"(CPJ+ 1) such that ~' = 
diag{ v, Il j,2' Il j,3' ... , Il j,p}' Ilj}, a( ~') c r, Qj is nilpotent, and 

II~'-(v+ Qj)ll< (e/2)(IIWII·lIw- I Il), j=O,I,2, ... ,m. 

Let n=I+Lj'=oPj' ~=diag{",llj,2,llj.3,· .. ,llj,p), N=NdE9{EBj':l~}' 
and Q' = EB j':oQj. 

Let 

Q = (Ipo+l E9 Ipl E9 Ip2 E9 ... E9Ipm E9 W)Q'(Ipo +1 E9 Ipl E9 Ip2 E9 ... E9Ipm E9 Wrr. 

where Ip +1 = identity on the space of Nd, Ip. = identity on the space of N o ) J 
(j = 1,2, ... , m), and W acts on the space cm of R", suitably identified with the 
space of the 'last coordinates' of~' (j=I,2, ... ,m); then QE£"(c m +n ) IS 

nilpotent, N E £"(C n ) is normal, and 

liN E9 R - (v + Q) II ~ liN E9 R - N E9 W(diagonal{IlI' 1l2'"'' Ilm} )W-111 

+IINE9 W(diag{IlI,1l2, .. ·,llm})W-1 _(v+ Q)II 

~ II R - R'II + II W 11'\\ J~O [~' - (" + Qj)] \\'11 w-111 

< e/2 + (e/2)(IIWII·lIw-I II)1I WII·lIw-lll = E. 0 

LEMMA 3.3. Let T E £"(Jf') be a smooth quasi triangular operator, let N E £"(~) 

be a diagonal normal operator such that a(N) = ae(N) = ae(T), and let.H be a finite 
dimensional subspace of Jf'. 

Suppose that 0 E a(T), and a(T). is a connected set (for some e, 0 < e < 1); then 
there exist K. E Jf'(Jf'E9 ~ E9 ~), with IIK.II < (100 + IOIITIDe, and a finite dimen-
sional subspace % of Jf'E9 ~ E9 ~ including .H, invariant under T E9 N E9 N - K., 
such that the spectrum of (T E9 N E9 N - K.) I %is the singleton {O}, and both 
T E9 N E9 N - K. and its compression to Jf' e % are smooth quasitriangular opera-
tors. 

PROOF. Preparation. By using the upper semicontinuiiy of the spectrum, we can 
find CI E Jf'(Jf'), with IICIII < e, such that T - CI has a triangular matrix (with 
respect to a suitable ONB) and a(T - C1) = a(T). 

Let %0 be the linear span of the first n vectors of the basis. Clearly, if n is large 
enough, then 

IIp,,K - P"¥oP"KPA/J < e. 
Assume that this is, indeed, the case, and consider the decomposition 

( Tn *) %0 
T - CI = 0 T22 Jf' e %0 . 
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The operator T22 is also quasitriangular, and satisfies O(T22) = OW(T22 ) = o(T). 
By Theorem 2.2, we can find C2 E .!l'(.Yt' e %0)' with IIC211 < e, such that T22 - C2 
is smooth; furthermore, by Theorem 2.2 and Lemma 3.1, there exists C3 E 

.!l'(.Yt' e %0)' with IIC311 < e, such that, if 0 denotes the interior of o(T), then 

( A * ).Yt'1 T22 - (C2 + C3 ) = 0 T{2.Yt'2 ' 

where A is an essentially normal operator such that o(A) = 0-, 0e(A) = ao and 
ind(A - A) = nul(A - A) = 1 for all A E 0, and T{2 is smooth. 

Let gpl ( gp2) denote the first (resp., the second) copy of the space gp; we have 
T' = [T - C1 - OJll"o E9(C2 + C3 )] E9 N E9 N 

= (~Il (A E9* N) E9 N : ) ~1 E9 gpl) E9 gp2. 
o 0 T{2 .Yt'2 

Let ~ be the closure of an open neighborhood of oe(T). included in 0e(Th., such 
that a~ consists of finitely many pairwise disjoint analytic Jordan curves. Clearly, ~ 
has only finitely many components, and 0 \ ~ has finitely many components. We 
can assume, moreover, that ~ has been chosen so that 0 u ~ is connected. We can 
find an analytic Jordan arc y: [0,1] -+ C such that y(O) = 0, y(l) E a~ n a(O \ ~), 
and y intersects all the components of ~, and all the components of 0 \ ~. 

We shall assume that 0 E 0 \~. (The proof for the case when 0 E o(T) n ~ 
follows by exactly the same argument.) Thus, we can find a finite sequence 

11 = 0 < I~ < 12 < I~ < ... < 1m < t;" ~ tm+1.= 1, 
such that y(t) belongs to some component OJ of 0 \ ~ for tj < t < ti and y(t) 
belongs to some component ~j of ~ for ti ~ t ~ tj+ 1 (j = 1,2, ... , m). 

Let p.j = y(tj ), p.j = y(ti) (j = 1,2, ... , m), and let ~m denote the component of 
~ containing y(1). (Beware: The O/s are not necessarily distinct for different values 
of j, and the ~/s are not necessarily distinct for different values of j!) 

A straightforward finite dimensional argument shows that there exists a decom-
position %0 = fB;':.1 (9j E9 9j') of %0 such that 

Ll .!l'1 
L' 1 .!l" 1 

L2 * .!l'2 TIl = L' 2 .!l'{, 

0 Lm .!l'm 
L' 2' m m 

whert~ o(Lj) C OJ and o(Lj) C ~j for all j = 1,2, ... , m. 
First Slep. Let Ym be a Jordan arc included in ~m such that Ym extends y 1[/;", 1] 

to an arc including o(L:"). Since Ym C ~m C oe(Th. = 0e(Nh., by using Lemma 
3.2 we can find a finite dimensional subspace Sf'm of gp2' reducing the diagonal 
normal operator N, a normal operator Nm E .!l'( Sf'm) such that liN I Sf'm - Nmll ~ 2e, 
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and a nilpotent operator Qm E .!l'(.!l'':' EB sPm) such that IlL;" EB Nm - (JL'm + Qm)1I < 
Elm. Thus 

K:"= T'-
L;"_1 

* 
9''':_1 
9'm 

,1m + Qm 9'';' Ell S"m 
(AEIlN) ~EIl9l'1 

o NIS"m.l 9l'2 eS"m 
, £2 T22 

is the sum of two finite rank operators K:"(N) and K:"(Q), where K:"(N) is a 
normal operator, with IIK:"(N)II ~ 3E, such that sPm reduces K:"(N) and 
K:"(N) IsPmJ. = 0, and IIK:"(Q)II < Elm. 

Second Step. Now we analyze the operator 

( Mom *).!l'm EB.!l'':' EB sPm h M _ (Lm ,were m-
A EB N £'1 EB ge 1 0 

satisfies a(Mm) cO;;;. By Theorem 2.2, there exists a compact operator Km, with 
IIKml1 < Elm, such that 

A = (Mn 
m 0 * ) -K AEBN m 

is smooth; furthermore, a careful analysis of the proof of Theorem 2.2 (see, in 
particular [1 and 11, Corollary 3.42 and Lemma 3.46]) indicates that Km can be 
chosen so that .!l'm EB .!l'':' EB.!l'm is invariant under Am' and a(Am I.!l'm EB.!l'':' EB sPm) 
= a(Mm). Moreover, since JL'", and JLm belong to the same component of p!_p(Am) = 
P!_p(A EB N), .!l'm EB.!l'':' EB sPm c V{ker(JLm - A m)k}'k=I. 

Thus, if.Al"m = V{ker(JLm - Am)k}k':.1 for some nm sufficiently large, then 

ii p.¥,;. - p.¥f.¥,;.p.¥J < Elm, 

where .AI"": =.!l'm EB .!l'':' EB sPm. 
Observe that a(Aml.Al"m) = {JLm} c ~m-l. Let K::' be the direct sum of Km and 

the zero operator acting on the space (£'EB ge2 ) e (.AI"": EB £'1); K::' is a compact 
operator (IIK::'II < Elm) and 
T. = T' -(K' + K") m m m 

L' 1 

o 
L" m-1 

* 
9'm-1 

9''':_1 EIl.#"m 

[( £1 Ell 9l'd e .#"m] Ell (9l'2 e S"m) 

T22 Jt2 
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where 

L" = (L',.._l m-l 0 

satisfies O'(L;:'_l) C ~m-l. 
Inductive Step. Clearly, now we can repeat the argument of the First Step with the 

operator 

( 
L" m-l 

o 
* ) 2":-1 EEl %m 

(AmL¥',,; EEl (N I Y'm.l) [(£1 EEl ~1) e%ml EEl(~2 e Y'm)' 

then the Second Step can be repeated with the result of this operation, in order to 
obtain finite-rank operators K~_l(N), K~-l(Qm-l)' and K::'_ l, where K~_l(N) is 
reduced by a certain finite dimensional subspace Y'm-l of ~1 e .5f'm' 
K:"_l(N) l.5f'm-=-l = 0, IIK:"_l(N)11 ~ 3e, IIK:"-l(Qm-l)11 < elm, and IIK::'-lll < 
elm. Moreover, we also obtain a finite dimensional invariant subspace %m-l of the 
smooth operator 

A - m-l ( 
L" 

m-l - 0 

(K~_l = K~_l(N) + K~-l(Qm-l)) such that 0'(Am-11%m-l) = {/-Lm-d, and 

IIp.,v';'_l - P.,vm-1P.,v';'_lP.,vm_111 < 2elm, 
where %";-1 = 2 m- 1 EEl 2":_1 EEl 2m EEl 2": EEl.5f'm_l EEl.5f'm. 

We repeat the same construction inductively. After m steps, we have constructed 
3m finite rank operators, K~(N), K~(Qm)' K::', K~_l(N), K~-l(Qm-l)' 
K::'_ I, ... , K{(N), K{(Ql)' K{', such that 

t~l K;(N) II = max{IIK;(N)": 1 ~j ~ m} ~ 3e 

(recall that K;(N) and K/(N) only act nontrivially on orthogonal subspaces, for 
j =1= i), 

and 

Tl = T' - [ £:, (K; + K/,) 1 
J=l 

(where K; = K;(N) + K;(Q)) is smooth and admits a finite dimensional invariant 
subspace %1 such that O'(Tl I N1) = {O}, and 

IIp.,v{ - P.#jp.,v{p.#jll < m(elm) = e, 

for a certain finite dimensional subspace %1' including %0 = E9 j': 1 (!tj EEl !tj'). 
Clearly, the norm of the compact operator K' = C1 + C2 + C3 + f,j=I(K; + K/,) 
does not exceed 8e, and therefore IITll1 < IITII + 8e. 
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By using Theorem 2.1, it is straightforward to check that (TI).)f' e"¥' is also a 
1 

smooth quasi triangular operator. 
Rotation. Recall that 

sinao := II P..u - P .Al"oP..uP.AI"J < f < l. 

Thus, if JI 0 = P .Al"o(JI), then dim JI 0 = dim JI, and 11P..u - P ..uoll = sinao < f. By 
using elementary trigonometry, we can find a unitary operator Uo such that JI + ..#'0 
reduces Uo, UO I(JI + ..#'0) 1. = 1, IIUo - 111 = 2 sin(ao/2) < 2f, and UoJl 0 = JI, so 
that Uo..#'o ::) JI. 

The same argument, applied to the inequality liP"¥' - P..¥,P..¥,p,,. II < f, yields a o 1 o./r 1 

unitary operator UI of form "1 + finite rank", such that IIUI - 111 < 2f, and 
UI..#'I ::) ..#'0' It follows that UOUI..#'I ::) JI, and IIUoUI - 111 < 4f. 

Define To = UoUITI(UOUI)*; then 

K. = T$ N $ N - To = K' +(TI - To) EJf"(£'$ ~$ ~), 

IIK.II~IIK'II+IITI - Toll < 8f + 811TIlif 

< 8f + 8(IITII + 8f)f < (100 + 101ITII)f, 

and To = T $ N $ N - K. is a smooth quasitriangular operator, which admits a 
finite dimensional invariant subspace ..#'= UOUI..#'I including JI, such that 
a(To I..#') = {O}, and (To).AI"~ is also a smooth quasitriangular operator. 0 

LEMMA 3.4. Let T E 'p(£') be a smooth quasitriangular operator, let N E .P(~) 

be a diagonal normal operator of uniform infinite multiplicity such that a(N) = ae(T), 
and let JI be a finite dimensional subspace of ~. 

Let r = {A j })= I be a sequence of complex numbers such that 

Ah E a(T) for all h = 1,2, ... , and card{J: Aj E a} = ~o 

for each nonempty clopen subset a of a(T). 
Given p > 1 and '1/ > 0, there exist K." E .P(£'$ ~), with IIK."II < '1/, and a finite 

dimensional subspace ..#' of £'$ ~ including JI, invariant under T $ N - K.", such 
that 

* 

( T $ N - K.,,) I..#'= 

o 
A in 

(p <jl <j2 < ... <in' dim..#'= p + n), and T $ N - K." and (T $ N - K.,,).AI"~ 

are smooth quasitriangular operators. 
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PROOF. Since AI' A2, ••. , Ap E o(T) = olre(T) U Ps:F(T), each of these numbers is 
an approximate eigenvalue of any compact perturbation of T. By using this 
observation, the upper semicontinuity of the spectrum, and Theorem 2.2, it is not 
difficult to find Ko E f(£), with IIKol1 < '1'//4, such that T - Ko is a smooth 
quasitriangular operator with a p-dimensional invariant subspace %0' and 

Al 
A2 * 

T- Ko= 
%0 

0 Ap 
To 

£e %0 

(with respect to a suitable ONB of %0; To is also smooth). 
Let £ = '1'//(400 + 40IlToID. Clearly, o(To). has only finitely many components °1, 

°2 , • •• , Os. Thus, we can write 

* %0 

T- Ko= 
Ap 

Tl £1, 
T2 £2 

0 
1'. £. 

where £1' £2' ... , £. are defined so that £1 E9 £2 E9 ••. E9~ is the Riesz 
spectral subspace of To corresponding to the clopen subset (°1 U °2 U ... U 0) () 
o(To), j = 1,2, ... , s. 

Let .ltj denote the orthogonal projection of .It in ~, j = 1,2, ... , s. By 
hypothesis, N = $]-1 ~(s+2-jl, where ~ E 2(fll) is a diagonal normal operator 
of uniform infinite multiplicity such that o(~) C OJ, j = 1,2, ... , s. Decompose 

T E9 N = T E9 { E9 ~(2)} E9 { sa; ~} E9 { sa; ~} E9 ••• E9 {N2 E9 N1} E9 N1. 
J=l J=l J=l 

By Lemma 3.3, we can find Ks E 2(£. E9 fllY»), with IIKsll < (100 + 10IlTolI)£ = 
'1'//4, such that 1'. E9 N,<Z) - Ks is a smooth quasitriangular operator which admits a 
finite dimensional invariant subspace %. including .Its, and the spectrum of 
(1'. E9 Ns E9 Ns - Ks)l%. is a singleton {A(s)}' where A(s) is some limit point of r 
in Os. 

Now, a new application of Lemma 3.3 produces an operator 

K s - 1 E f( £'-1 E9 fll~~I)' 
with ilKs-III < '1'//4, such that 1'.-1 E9 N'<!!1 - Ks- 1 is a smooth quasitriangular 
operator which admits a finite dimensional invariant subspace %.-1 including both 
.lts - 1 and the projection of [(To - Ko) E9 {$]=1~(2)}]%. in £'-1 E9 fll~:!I' and 
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the spectrum of (T.-l ED N.c!!1 - Ks- 1) 1 %.-1 is a singleton P'(s-I)}' where A(s-l) 
is some limit point of r in as-I' Clearly, %.-1 ED %. is invariant under 

( T.-l ED Ns<!!1 - Ks- 1 T.-l,s ED 0 ), 
o T. ED Ns - Ks 

where T.-l,s is the (s - 1, s)-entry in the matrix representation of T - Ko; more-
over, %.-1 ED %. includes .As- 1 ED .As' 

By induction, we construct compact operators Ks' Ks- 1, Ks- 2,"" Kl (Kj E 

Jf"(£j ED ~?+2-j) and IIKjll < 1/14 for all i = 1,2, ... ,s) and finite dimensional 
subspaces %., %.-1' %.-2"'" %1 (.Aj C £j ED ~?+2-jl, i = 1,2, ... , s) in such 
a way that %= %0 ED %1 ED %2 ED ... ED%._1 ED %s is invariant under 

(T - Ko) ED N - (O.#'o ED L~ Kj } ) = TED N - K~, 
where K~ = Ko ED O,>f + 0.#'0 ED { E9 ;=1 Kj } E..ct'( £ED ~) satisfies 

IIK~II ~ II Ko II + max{IIKjll: 1 ~i ~ s} < 1/14 + 1/14 = 1/12; 

moreover, .A c %0 ED {E9 ;=I.Aj} = %, a(T ED N - K~) = a(T), and 

Al 

* 
1(1) 

o 
1(s) 

where a(1(j) = {A(J)}' i = 1,2, ... , s. 

%0 

%1 , 
%2 

%. 

Since the A(j)'S are limit points of r, it is straightforward to find a finite-rank 
normal operator J.." with 111..,11 < 1/14, such that % e %0 reduces J.." 
JT/ 1[% e %o].L = 0, and 

* 
[ T ED N - ( K ~ + J..,)] 1 % = A. 

JI 

A. 
12 

o 
A. 

J. 

where p < il < i2 < ... < in (p + n = dim %). 
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Finally, since a(T EB N - (K~ + J.,» = a(T), we can use Theorem 2.2 and its 
proof (see comments in the Second Step of the proof of Lemma 3.3) in order to find 
K~' E f(£'EB ~), with IIK~'II < .,,/4, such that T EB N - (K~ + J., + K~') is a 
smooth quasi triangular operator that leaves the finite dimensional subspace % 
invariant, the diagonal sequence of [T EB N - (K~ + J., + K~')] 1% is equal to 
{AI' A2,···, Ap ' Ail' A12"'" Ai.}' and [T EB N - (K~ + J., + K~')].JVJ. is also 
smooth. 

Thus, the compact operator K., = K~ + J., + K~' and the subspace % satisfy all 
our requirements. 0 

PROOF OF THEOREM 2.3. Preparation. Proceeding exactly as in the first part of the 
proof of [15, Proposition 4.4] (or [2, Proposition 13.11]), with the help of Voiculescu's 
theorem [23], after replacing (if necessary) T by an arbitarily small compact 
perturbation of this operator, we can directly assume that, instead of T E 9'(£'), 
we have to perturb the operator 

L = T EB (A)l EB (Ah EB (A)3 EB ... E 9'( £'EB £'o(CO»), 

where (A)k is a copy of an operator A E 9'(£'0) of the form 

A = (N F)£'o(N) o G £'o(G) . 

Here N is a diagonal normal operator of uniform infinite multiplicity such that 
a(N) = ae(T), and G is a quasitriangular operator such that a(G) = ae(G) = ae(T). 
Thus, we have 

T 

(~ ~) 0 

L= (~ ~) 
(~ ~) 

0 

(~ ~) (~ ~) 0 

(g ~) (~ ~) 
(g ~) (~ ~) 

(g ~) 
0 

£' 

£'0,1 

£'0,2 

£'0,3 

£'EB £'o(Nh 

£'0 ( G)l EB £'0 ( N)2 

£o(Gh EB£0(N)3' 

£o( Gh EB £0(N)4 

(This decomposition will playa very important role in the proof.) 
First Step. Let {gdf-l be an ONB of £EB £o(co) such that gl E £, and 

gk E £'EB {E9 ;k=-/ £o,;} for all k > 1. 
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Let il be the (nonempty compact) set of limit points of the sequence f; then 
dist[Ap il] ~ 0 (j ~ 0), and therefore dist[Ap il] < EI2 for all j > PI (~ 1). By 
applying Lemma 3.4 to T, N, ..1(1 = V{gd, f,P1' and 1/1 = E12, we can find a 
compact operator K1, with IIK111 < E12, such that £'Ee £'o(Nh reduces K1, 
K1 1[£'Ee £'o(N)t1.i = 0, L - K1 is smooth, and TEeN - K1 I£'Ee £'O(N)1 ad-
mits a finite dimensional invariant subspace..!Vl including..l( 1; moreover, 

L 1,1:= (L - K1) l..!Vl = [T Ee N - K11£'Ee £'O(N)I] l..!Vl 

admits an upper triangular matrix representation with diagonal sequence 

d(L1,1) = fl = {Al,A2, ... ,Apl,AWl),A%), ... ,A~I(nl)} (PI + n1 = dim..!Vl)' 

and this sequence is a finite subsequence of f. 
Let fi = f \ fl be the subsequence of f obtained by eliminating all the elements 

in fl' Recall that L - K1 is smooth and quasitriangular. It readily follows from 
Theorem 2.1(x) that if A E Ps_F(L - K 1), then X cannot be an eigenvalue of 
(L - K1)*, and therefore (L - Kl - A)* is bounded below by a positive constant. 
Hence, there exists ~1 > 0 such that (L - Kl - A)* is bounded below by ~1 for all 
A in f1 such that L - A is semi-Fredholm. It is easily seen that (L - Kl - A) - B 
is also semi-Fredholm with the same index as L - Kl - A and, moreover, that 
A E p~_F(L - Kl - B), for all B in 'p(£'Ee £'0(00» such that IIBII < ~1' 

Second Step. Since L - Kl is smooth, the spectrum of the operator 

T = (T Ee N - Kl I£'Ee £'O(N)l 0 Ee F) 
lOG 

coincides with o«L - K 1).Nj.l. = o(T). 
By definition of il, there exists P2 such that AWnl) precedes Ap2 in the sequence f, 

and dist[A i' il] < EI4 for all j > P2' By applying Theorem 2.2 and Lemma 3.4 to T1, 
N, ..1(2:= orthogonal projection of V{ g2} in (£'Ee £'0,1) e..!V1 (dim..l( 2 = 0 or 1), 
fi, P2' and 1/2 = min[EI4, ~1/4], we can find a compact operator K2, with IIK211 < 
E14, such that [(£'Ee £'0,1) e..!Vd Ee £'0,2 reduces K2, K2 1([(£'Ee £'0,1) e ..!VI] Ee 
~0,2).i = 0, and Tl - K2 1[( £'Ee £'0,1) e..!Vd Ee £'0,2 admits a finite dimensional 
invariant subspace..!V2 including..l( 2; moreover, 

L 2,2:= (L - (Kl + K2)) I N2 = [Tl - K21 ([ (£'Ee £'0,1) e ..!VI] Ee £'0,2)] 1..!V2 

admits an upper triangular matrix representation with diagonal sequence 

d(L2,2) = {A'P),A'~I), ... ,A'!~~I,Ap2,A~A),A~(2),.",A~2(n2)} (SI + n2 = dim..!V2), 

where {A'P), A'~I), ... , A'!~~I' Ap2 } is the initial segment of fi, and d(L2,2) is a finite 
subsequence of fi. Furthermore, [L - (Kl + K2)].Kl is smooth, and 

( 
Ll 2 * * )..!Vl 

L -(Kl + K2) = 0 L2,2 * ..!V2 
o 0 T2 [ ( £'Ee £'0,1 Ee £'0,2) e (..!VI Ee ..!V2)] 

Ee(A)3 Ee(A)4 Ee(A)5 Ee "', 
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where L 1,2 and L 1,1 are upper triangular with respect to the same ONB of ..#'1 
and d(L1,2) = d(L1,1)' and IIL1,2 - L1,111 < 112· 

It is not difficult to check that 

is a permutation of a finite subsequence f2 of f (including the first P2 > 2 in terms 
of f!), ..#'1 E9..#'2 is invariant under L - (Kl + K 2) and includes V{ gl' g2}' and 
L - (Kl + K 2) is a smooth operator because 112 ~ 81/4. 

Define f~ = f \ f 2. Proceeding as in the First Step, we can find 82,0 < 82 < 81/8, 
such that if A E f2 is a regular point of the semi-Fredholm domain of L - (Kl + 
K 2), then A E p~.F(L - (Kl + K 2) - B), for all B in !l'(Jr'E9 Jr'o(OO» such that 
IIBII < 82. 

Inductive step. By induction, we find compact operators K1, K 2, ... , Kk, ... , and 
pairwise orthogonal finite dimensional subspaces ..#'1' ..#'2'.··' ..#'k' such that IIKkl1 
< 11k ~ E/2k for all k = 1,2, ... , and 

* k 

L - LKi = 
i=1 o ..#'k 

T, [( £{~ ffo,,) H ~ %,) 1 
E9(A)k+l E9(A)k+2 E9(A)k+3 E9 ... , 

where {Lh,dk'=h is f1 Cauchy sequence (in !l'(..#'h» of operators that are triangular 
with respect to a fixed ONB of ..#'h' and d(Lh k) = d(Lh h) (k ;;:. h), for each 
h = 1,2, ... ; moreover, L - L,7=IKi is a smooth quasitriang~lar operator, ffi ik=l.A!; 
:::> V{ gi }7-1' and d«L - L,7_1Ki) 1 ffi ik=I.A!;) is a permutation of a finite subse-
quence fk of f, where fk :::> {AI' A2,···, APk } for some Pk > k. 

Furthermore, if Lh = (norm)limk-+oo Lh,k' and K. = L,k'=IKk' then K. E 
Jf"(Jr'E9 Jr'o(oo», IIK.II < E, Jr'E9 Jr'o(oo) = ffi :"1..#'k' and 

(norm) lim (L - t Ki) = L - K. 
k ... oo i=1 

* 

o 
is a smooth nontrivial operator because the 11k'S are small enough to guarantee that 
Aj E p~F(L - K.) for all j = 1,2, .... 
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Clearly, d(L - K.) is a permutation of r. But, by Lemma 2.6, this means that 
d(L - K.) = r with respect to a suitable ONB of the space. 

The proof of Theorem 2.3 is now complete. 0 
CONJECTURE 3.5. Let y be a Jordan arc joining ° to 1, and let M > 1 and e > ° 

be given. There exists m = m(y, M, e) such that if FE 02'(C n) for some n ~ m, 
liFll < M and 0,1 E a(F) c y, then there exists Q E 02'(cn) nilpotent such that 
liF - QII < e, provided the generalized eigenvalues of F (counted with multiplicity) 
are 'suitably spread' on y. 

An affirmative answer to the above conjecture will eliminate the need of Lemmas 
3.2 and 3.3, and strongly simplify the proof of Theorem 2.3. 

4. Characterization of strict (-m )-quasitriangularity. The intrinsic reason why the 
classes (StrQTL m and (QTLm (m ~ 1) are 'tractable' and admit simple spectral 
characterizations (equivalences between the first and fifth statements in Theorems 
1.2 and 1.2a ) is, perhaps, that they are invariant under similarity. (Thus, the 
machinery developed in the monograph [11,2] can be applied to these classes.) 

Although it is not strictly necessary for the proofs of Theorems 1.2 and 1.2a, it will 
be shown, for the sake of completeness, that the approximating families of operators 
are also invariant under similarity. Indeed, we have the following 

LEMMA 4.1. Let T E 2(£); then 
(1) Tis (-m )-triangular if and only if 

(a I ) nul Tn ~ mn, for all n = 1,2, ... ; and 
(bI) £= VC:=1 ker Tn. 

(2) T is almost (-m )-triangular if and only if 
(a 2) T admits an increasing chain {.A d'k=I of finite dimensional invariant 

subs paces such that dim.A 2k e.A 2k-I = m and T-"2k 9-"2k-1 = 0, for all k = 
1,2, ... ; and 

(b2) £= V'k_I.A k 

PROOF. (1) The necessity of (aI) and (hI) follows by a straightforward computa-
tion of the matrices of the operators Tn, n = 1,2, .... 

Assume that T satisfies (aI) and (bI); then there exists a family {9l'n }C:-I of 
pairwise orthogonal subspaces of dimension m, such that £= e:" I9l'n, and 

° 
T= 

Let {ej}j':.1 be an ONB of £ such that {eI,e2, ••• ,em } is an ONB of 9l'I' and 
{e(n-I)m+ l' e(n-I)m+2' •.• , e nm } is an ONB of 9l'n' for each n = 2,3, .... It is easily 
seen that, if the basis {e(n-I)m+I' e(n-I)m+2"'" enm } (n ~ 1) is cleverly chosen (by 
induction on n), then Tn,n+I has an upper triangular m x m matrix, and therefore 
T is (-m )-triangular with respect to the basis {ej }j-I' 



RESTRICTIONS OF QUASITRIANGULARITY 29 

(2) Observe that (a 2)-(b2 ) is essentially a reformulation of the definition of almost 
(-m )-triangularity. 0 

COROLLARY 4.2. If T E !f'(£) is (almost) (-m)-triangular, and W E ~(£), 

then WTW-1 is also (almost, respectively) (-m)-triangular. 

PROOF. Suppose that T is (-m )-triangular; then T satisfies (a1) and (b1) of 
Lemma 4.1(1), and these two conditions are obviously satisfied by WTW-1 for all W 
in ~(£). By Lemma 4.1(1), WTW-1 is (-m )-triangular. 

If we merely assume that T is almost (-m)-triangular, then it satisfies (a 2 ) and 
(b2 ) of Lemma 4.1(2). Let .JVk = W.,H k (k = 1,2, ... ); then.JVk is invariant under 
WTW-l, £= W£= V'k_l.JVk, and a straightforward computation shows that 
(WTW-1) ,,. e ,,. = O. By Lemma 4.1(2), WTW-1 is almost (-m )-triangular. 0 

-fl2k .fl2k-l 

Lemma 4.1(1) has a second consequence, which will playa very important role 
here. 

COROLLARY 4.3. Assume that A E !f'(£I) is (-p)-triangular and BE !f'(£2) is 
(-q)-triangular. Given C E !f'(£2' £1)' and e > 0, there exists K. E f(£1 E9 £2)' 
with IIK.II < e, such that 

is (-p - q)-triangular. 

PROOF. Let {ej }j:.l ({!d'k=I) be an ONB of £1 (of £2' resp.) such that A has a 
(-p)-triangular matrix (B has a (-q)-triangular matrix, resp.) with respect to this 
basis. 

Clearly, we can find K: E f(£2' £1)' with IIK:II < e/2, such that C.fk E 

V{ ej }j!1 (for some increasing sequence {nd'k=I)' where C. = C - K:. We can also 
find K;' E f(£I)' with IIK;'II < e/2, such that A. = A - K;' is also (-p)-triangu-
lar (with respect to the same basis as A), and the (j, j + p)-entry of A. is different 
from zero for all j = 1,2, .... 

Let 

K = • ( K " K.' ) £1 . 
• 0 0 £2 ' 

clearly, K. E f(£1 E9 £2) and IIK.II < e. (Indeed, K. can actually be chosen of 
arbitrarily small trace norm.) The operator 

L = (AO C)£1 _ K = (A. C.) £1 
B £2 • 0 B £2 

satisfies the following: for each n ~ 1, 

t A~-iC.Bi-l1 
i=1 ' 

B n 
L" ~ [:: 

where A: is (-np )-triangular with respect to the ONB {ej }f=I,B n is (-nq)-triangular 
with respect to the ONB {!k}k'=I' and <L?=IA:-iC.Bi-l)fk E V{ ej }j!1 for each 
k = 1,2, ... ; moreover, the (j, j + np )-entry of A: is different from zero for all 
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j = 1,2, ... , and therefore ran AZ contains all the finite linear combinations of the 
vectors e1, e2 , •••• 

In particular, the equation AZe = -(r.7=lA~-iCeBi-l)fk has at least one solution, 
e = gk' in the space V{ ej }j!l (k = 1,2, ... ). It readily follows that 

kerLn :::) V {e 1,e2,···,enp ,gl + fl,g2 + f2,···,gnq + fnq}, 

and therefore nul LN ~ np + nq = n(p + q), for all n = 1,2, .... 
On the other hand, the above construction shows that fk E ker L nk for all 

k = 1,2, ... , so that 
00 

V kerC:::) V({ej};:I{fk}~I) =£1 EB£2· 
n=l 

By Lemma 4.1(1), L isa(-p - q)-triangularoperator. 0 
In order to prove Theorem 1.2, we need another auxiliary result. The proof of 

Lemma 4.4 (below) follows by some ad hoc modifications of that of Lemma 3.1, and 
therefore it will be omitted. 

LEMMA 4.4. Let T E .P(£), and let g = interiorg- be a nonempty bounded open 
set such that ag c a1e(T) and g-c a1e(T) U {X E C: nul(X - T) ~ n} (for some 
n ~ 1). Given e > 0, there exist K. E $'( £), with IIK.II < e, and essentially normal 
operators AI' A 2, ... , An' such that a(A;) = g-, ae(A;) = ag, ind(X - A;) = 
nul(X - A;) = 1 for all X E g, and for all i = 1,2, ... , n, and 

T - K, ~ ( ,~A' ~:l 
satisfies 

minind(T - K. - X)k = minind(T - X)k 
for all X E Ps_F(T), and for all k = 1,2, .. _. 

PROOF OF THEOREM 1.2. First of all, observe that each of the following implica-
tions is either trivial or completely straightforward: 

(str-iLm = (str-ii)_m and (str-iii)_m; 
(str-viLm = (str-iLm, (str-ivLm and (str-ixLm, 

because if K E $'(£), {R j }/=l' {Qj }j=l C f!i'(£), and Rj -+ 1 and Qj -+ 1 
(strongly, asj -+ 00), then 11K - RjKQjll -+ ° (j -+ 00) (and (str-xiLm (for some j, 
1 ~ j ~ m) = (str-vL m' in the case when m ~ 2). 

Furthermore, (str-i}_m is easily seen to be equivalent to (str-ixLm, and (str-iiLm 
= (str-iL m follows exactly as in the proof of the corresponding implication for strict 
m-quasitriangularity [15, §8, 2, §13.S]. 

The distance formula can be obtained from W. B. Arveson's distance formula 
(from a given operator to a nest algebra [3]), as in [15, Corollary 7.2]. (We can also 
use the more direct formula due to S. C Powers; see [20].) Clearly, the validity of this 
formula implies the equivalence between statements (str-iiiLm and (str-ivLm. 
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If A is (m)-triangular, then there exists a unilateral shift S of multiplicity one 
such that smA is triangular (with respect to the same ONB). By applying Proposi-
tion 1.1 to A, we infer that O'w(A) = O']re(A) U Ps:F(A) is a connected set containing 
the origin, and ind(A - A) ~ 0 for all A E Ps.F(A); by applying the same result to 
smA, we deduce that either A is not semi-Fredholm, or ind A ~ -ind sm = m. Now, 
by using the upper semicontinuity of separate parts of the spectrum, and the 
stability properties of the semi-Fredholm index, we deduce that every (norm) limit of 
operators of the form A + F, where A is m-triangular and F has finite rank, has the 
same properties. Hence, (str-ivLm = (str-vLm. 

If m = 1, then we can apply Corollary 2.5 to the special case when r is the 
sequence {O, 0, 0, ... }, in order to obtain that (str-vLl = (str-viLl' 

We now prove that, in the case when m ~ 2, (str-vLm implies (str-viLII:' and 
(str-xiLm (for all j, 1 ~j ~ m). If T satisfies (str-vLm and T is a semi-Fredholm 
operator, then ind T ~ m. By applying Lemma 4.4 with 0 equal to the component of 
interior [Ps:F(T)]- including the origin, e replaced by e/3, and n = m - 1, we can 
find K: E Jf'(£'), with IIK:II < e/3, such that 

( 
m-l 

T - K' = E9 Ai • 1=1 

o 
where Ai is essentially normal, O'(A;) = 0-, O'e(A;) = a~, and ind(A - A;) = 
nul(A - A;) = 1 for all all A E 0 (i = 1,2, ... , m - 1); in this case, ind(A - T22 ) = 
ind(A - T) ~ 0 for all A E Ps.F(T) \ 0, and ind(A - T) - (m - 1) ~ 1 for all 
A E Ps.F(T) () o. If T satisfies (str-vLm' but T is not semi-Fredholm, then we can 
proceed exactly as in the first lines of the proof of Corollary 2.5 in order to find 
K: E Jf'(£'), with IIK.II < e/3, such that 

T- K: "" Te((~ ~)~:~:1)(m-l) = (O(~om)-l) (OT F~m-l») l~o(N)(m_l), 
(0 G(m-l») £'0 ( G)(m-l) 

where G "" G(oo) is quasitriangular, and O'(G) = O'e(G) = O'e(T). 
In either case, we have found K: E Jf'(£'), with IIK:II < e/3, such that 

( 

m-1 

T - K' = E9 Ai • 1=1 

o 
where Ai is essentially normal and satisfies (str-vLl (for all i = 1,2, ... , m - 1), 
0'(T22) = O'(T), 0'0(T22 ) = O'o(T), and T22 satisfies (str-vLl' 

By Corollaries 2.4 and 2.5, we Can find compact operators Ei E f(~), with 
IIEili < e/3 (i = 1,2, ... , m - 1), and Eo E Jf'(£'o), such that A; = Ai - Ei is 
(-I)-triangular with (j, j + I)-entries different from zero for all j = 1,2, ... (i = 
1,2, ... , m - 1), and T{2 = T22 - Eo is also (-I)-triangular; moreover, if 0'0(T) = 0, 
then Eo can be chosen with IIEoll < e/3. 
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( 

m-l 

€a A' 
T-(K: + EE) = i=~ I 

m-l 

Tl2 €a~ 
i=l 

T{2 £0 

By an obvious inductive repetition of the argument of the proof of Corollary 4.3, 
now we can find K:' E Jt'"(£), with IIK:'II < e/3, of the form 

m-l 

*) €a ~ o i=l 

£0 
K" = (0 

• 0 

(i.e., the action of K:' only affects Tl2 ), such that the operator 

A = T-(K: + EE + K:') = (~~lA; T{2) ~l~ 
o T{2 £0 

satisfies the conditions 
m-l m-l 

€a A; 
i=j+l 

€a~ 
i=j+l 

o £0 

is (j - m )-triangular for all j = 0,1,2, ... , m - 2. 
Let K. = K: + E. + K:'; clearly, K. is compact. Since ffJ{=l Aj is obviously 

(-j)-triangular (j = 1,2, ... ,m - 1), by taking C; = K., we have proved that 
(str-xiLm holds for all j = 1,2, ... , m - 1. 

Since T = A + K E, and IIK.II < 2e/3 + max{ e/3, IIEolI}, it readily follows that T 
satisfies (str-viLm and, moreover, that K. can be chosen so that IIK.II < e, provided 
tJo(T) = 0. 

The proof of Theorem 1.2 is now complete. 0 
NOTE. The statement of Theorem 13.36 of [2, Chapter 13 (announcement of the 

results in Theorem 1.2) contains two minor errors: (1) The sentence "1] is unitarily 
equivalent to the direct sum of j copies of an essentially normal (-I)-triangular 
operator" (statement (str-xiLm) must be changed to "1] is unitarily equivalent to the 
direct sum of j essentially normal (-I)-triangular operators"; (2) The statement 
(str-xiLm .• is clearly not equivalent to (str-xiLm, unless tJo(T) is empty; therefore, 
statement (str-xiLm .• must be supressed from the theorem. 

5. Characterization of (-m )-quasitriangularity. This section will be devoted to 
proving Theorem 1.2a. As in the case of Theorem 1.2, some implications are either 
trivial, or completely straightforward, or follow by essentially the same arguments as 
in the case of m-quasitriangularity [11, §9, 2 §13.6]: 

(iLm = (iiLm = (iiiLm; 
(viLm .• = (viLm = (i)-m and (ixLm; 
(ixLm = (xiLm; 
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(ivLm, (ixLm, or (xiLm (for some j, 1 ~j ~ m) = (vLm 
(use Proposition 1.1, the upper semicontinuity of the spectrum, and the stability 
properties of the index [11, Chapter 1, 19]); and the validity of the distance formula, 
as well as the equivalence between (iiiLm and (ivLm, follow from some variation of 
W. B. Arveson's distance formula. 

On the other hand, proceeding exactly as in the proof of Theorem 1.2(str-vLm = 
(str-viLm and (str-xiLm (for all j, 1 ~j ~ m) (with the help of Lemma 4.4 and 
Voiculescu's theorem) we can show that if T satisfies (vLm, then there exists 
K. E Jf'(£), with IIK.II < E, such that 

Al C1 £1 

A2 0 C2 £2 

A. = T- K. = 

0 Am Cm £m 
T22 £0 

where Aj is an essentially normal (-I)-triangular operator with respect to an 
ONB {ej,j}~1 of.n'; (i = 1,2, ... ,m), T22 is triangular with respect to an 
ONB {fdk-l of £0' and Cdk E V{e j ,j}j,:;k1 (for some increasing sequence 
{n j ,dk=I' i = 1,2, ... ,m). 

Thus, in order to prove that (vLm implies (viLm,. and (xiLm,., it suffices to show 
that (A.)(ff).M .Jf',)E9~ is almost (j - m)-triangular for all j = 0,1,2, ... , m - 1. It 

'-J+1 I 0 
will be shown that this is the case; clearly, we can reduce to the case when j = O. 
Indeed, a slightly better result will actually be proved: 

PROPOSITION 5.1. (Stringent form of (-m)-quasitriangularity.) Let T E (QT), and 
assume that either 0 E O'lre(T), or T is a semi-Fredholm operator with ind T;;;. m. Let 
{p k} k-l be a strictly increasing sequence of natural numbers such that p k+ 1 - P k > m 
for all k = 1,2, ... ; then there exist K. E Jf'(£), with IIK.II < E, and a maximal j 

chain {Pj }/=o C 9( £), 1) n, such that . 
00 

(1 - pJ (T - K.) Pj + m = 0 for all j ft U {p k + 1, P k + 2, ... , P k + m } 
k=l 

and 

PROOF. Choose K. as above, so that 

( 

m 
EB Aj 

A. = T - K. = i=~ 

and the above conditions are fulfilled. 

C 1 Ea.n'; T22 ~1 , where C = 
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Let nk = max{ ni,k: 1 ~ i ~ m}. We can directly assume, without loss of general-
ity, that the sequence {pdk=1 is so sparse that Pk > mn k for all k = 1,2, .... Let 
Ph denote the orthogonal projection of .Yt' onto V{ gl' g2"'" gh}' where {gh }h'=1 is 
the ONB defined by 

ei,j 

11 
ei,j 

gh = 12 

e· . I,J 

Ik 

for h = mj + i ~ PI + m, 
for h = PI + m + 1, 
for PI + m + 2 ~ h = mj + i + 1 ~ P2 + m, 
for h = P2 + m + 1, 

for Pk-l + m + 2 ~ h = mj + i + (k - 1) ~ P2 + m, 
for h = P k + m + 1, 

(i.e., we 'interpolate' the Ik's very sparsely among the ei'/s). 
Then {Ph}h'=o (Po = 0) is a maximal chain in 9(.Yt'), Ph jl, 

and 

(1 - Ph)A.Ph+m = 0 for all h ~ U {Pk + I,Pk + 2"",Pk + m} 
k=1 

(I-Ph )A.Ph =O forallh=I,2, .... 0 

This completes the proof of Theorem 1.2a. 
Proposition 5.1 makes no sense if the condition 'Pk+l - Pk > m' is replaced by 

'Pk+l - Pk > (m - 1)' for, in this case, the property 
(1 - Pj)(T - K.)lj+m = 0 for all j ~ U {Pk + I,Pk + 2, ... ,Pk + m} 

k=l 
may be empty. (Take Pk = (k - l)m.) On the other hand, we have the following 
result. (Compare with [15, Conjecture 10.5].) 

COROLLARY 5.2. (Relaxed form of strict (-m )-quasitriangularity.) Let T E .!l'( .Yt'), 
and let m ~ 2. Suppose there exist a maximal chain {lj }j'= 1 C 9( .Yt'), Pj jl, and an 
increasing sequence {p d k=1 such that P k+ 1 - P k > m lor all k = 1,2, ... , and 

lim sup {11(1 -lj)TPj+mll: j ~ U {Pk + I,Pk + 2"",Pk + m - I}} = o. 
j-oo k=l 

Then T E (StrQT) _ m' 

PROOF. If T satisfies the above condition, then T E (QTLm' and 

limsupll(l-lj)Tlj+lll= 0, 
j-oo 

so that T E (StrQTL1' 
Since T satisfies (str-vL1 (Theorem 1.2), and (vLm (Theorem 1.2a), it is clear that 

T must also satisfy (str-vL m. By Theorem 1.2, T is strictly (-m )-quasitriangular. 0 
REMARK 5.3. As in the case of extended quasitriangularity, we can also consider 

the classes (StrBQTStr)m,p = (StrQT)m n (StrQT);, (StrBQT)m,p = (StrQT)m n 
(QT);, (BQTStr)m,p = (QT)m n (StrQT);, and, respectively, (BQT)m,p' lor all pos-
sible integer values 01 m and p. 
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It is not difficult to produce a few partial results by following the lines of §§4 and 
5 of this article, together with the results of [15]. But these new classes present a large 
number of interesting open problems, of the type described in [15, §10, D and E]. 

6. Nest algebras. A nest N in .JIt' is a linearly ordered (by inclusion) family of 
subspaces containing {O} and .JIt', such that the family {P.,K: "" EN} is strongly 
closed in .!l'( .JIt'). The order type of N is always that of a closed subset d of the real 
interval [0, 1] containing ° and 1. A gap in N is a pair # = {"" _, "" +} of subspaces 
such that ""_ is properly included in ""+, and the conditions ""_c.Alc ""+, 
.AlE N imply that either JV'= ""_, or JV'= ""+. (There is an obvious bijection 
between the gaps in N and the open intervals in [0,1] \ d.) The cardinal number 
dim #:= dim "" + e ""_is the dimension of the gap # (1 ~ dim # ~ No). 

Let ~ be a totally ordered denumerable set, and let {e.}. E ~ be an ONB of .JIt' 
ordered by ~. The nest N~ generated by the subspaces "",._= V{e.}.<p. and 
"",.+= V{e.} ... ,. (p. E~) is order-isomorphic to an infinite totally disconnected 
closed subset d of [0, 1] containing ° and 1; clearly, N~ has denumerably many gaps, 
and all its gaps are one dimensional. Conversely, given an infinite totally discon-
nected closed subset d of [0,1], containing ° and 1, there exist a totally ordered 
denumerable set ~ c d (~ can be identified with the set of all 'first extreme points' 
of the segments in [0, l]\d) and a nest N~ of the above described type such that N~ 
is order-isomorphic to d. Furthermore, it is easily seen that N~ is unique, up to a 
unitary transformation of an ONB onto another one, and that two sets d 1 and d 2 

(as above) produce the same nest (up to unitary equivalence) if and only if they are 
order-isomorphic. (In particular, they must be homeomorphic.) 

A nest of this type can be properly called generated by an orthonormal basis (gonb 
nest, in short). The simplest example is the nest Nc.>' corresponding to the case when 
~ is the set of all natural numbers; Nz is the nest associated with an ONB {ej };:'-oo, 
and the nest NQ, corresponding to the case when ~ = Q is the set of all rational 
numbers, is order-isomorphic to the Cantor set, etc. 

A word of caution must be said here: if d is an infinite totally disconnected closed 
subset of [0,1] (0,1 E d), but d is not denumerable, then there exists a nest Nd 
order-isomorphic to d, all of whose gaps are one-dimensional, which is not a gonb 
nest! (To see this: Let p. = p.~ + P.c be a probability measure on [0, 1], where ~ is the 
set of 'first extreme points' of [0, l]\d, p.~ is the atomic part of ~, with an atom at 
each point of ~, and P.c is a nontrivial Borel measure supported by a perfect subset 
of d. Let H be the operator' multiplication by t' on L 2([0,1], p.), and let H = j t dEl 
be the spectral decomposition of H. Now define 

Nd = {ranE([O,a»;ranE([O,a]): a Ed}.) 

However, a recent result of K. Davidson [6] guarantees that, given a nest Nd as 
above, and E (0 < E < 1), there exist U E .!l'(.JIt') unitary, K. E Jf"(.JIt'), with 
IIK.II < E, and a gonb nest N~ such that 
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(In particular, both N,1 and Nl: are order-isomorphic to a.) This is good enough for 
our purposes. 

The nest algebra associated with a nest N is defined by 
algN = {T E 2(£'): T.A c.A for all .A in N}. 

The reader is referred to [3, 6, 18, 21] for general information about nests and 
their nest algebras. Following [13, 14], we write 

and 
N = {UAU* + K: U is unitary, A E algN, K E f(£')}, 

N° = {T E 2(£'): Givene > 0, there exist U. unitary, A. E algN, 

and K. compact, with IIK.II < e, such that T = u.A.u.* + K.}. 
In [13, 14], the author completely characterized N and NO (for all possible nests), 

thus solving a problem raised by W. B. Arveson: 
(1) If N = Nl: for a well-ordered set ~, then N = NO = (QT) is the set of all 

quasitriangular operators. (In particular, Nw = N2 = (QT).) 
(2) If N = Nl:' where ~ is order-anti-isomorphic to a well-ordered set, then 

N = NO = (QT)* = {T*: T E (QT)}. (3) In any other case, N = 2(£'); moreover, 
we have NO = 2(£,) if and only if either N has infinitely many gaps, or at least one 
infinite dimensional gap. This holds, in particular, if N is order-isomorphic to a gonb 
nest, not of the types (1), or (2). 

Let N be similar to a gonb nest; N has denumerably many one-dimensional gaps 
{,?p} pEl:. If ,?p = {.A p_' .A p+}, then it makes sense to talk of the diagonal entries 
of an operator A in alg N: observe that 

( Ap 
AI.A.+= ° 

where e. is a unit vector in .A .+, orthogonal to .A ._. We define a. as the 11th 
diagonal entry of A. 

In this setting, Theorem 2.3 and Corollary 2.5 can be easily reformulated as results 
about the structure of operators in N2 and, respectively, Nw• What can be said for 
the other gonb nests? More precisely: 

PROBLEM 6.1. Let N be a nest order-isomorphic to a totally disconnected closed 
subset a of [0, 1], including ° and 1. Assume that N has denumerable many gaps, 
totally ordered by an index set ~, and that all the gaps are one dimensional. What 
kinds of relations can be expected between the totally ordered family d(A) = 
{a.}.El: of diagonal entries of A, and the different parts of the spectrum of A, for 
A in algN? 

Suppose that TEN (NO), and r = P"}'El: is a family of complex numbers 
totally ordered by ~. For which families r can we expect to find U unitary, A in 
algN, and K compact (with IIKII < e, for a given e > 0, resp.) such that T = UAU* 
+ K, and d(A) = f? 

Weare still very far from a complete answer to the above questions. The 
techniques introduced by C. Apostol, and the author (see [1, 2, and 11-16]) will 
certainly help, but the problem requires new arguments. For instance, the proof that 
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'most' gonb nests satisfy N~ = .!l'(£) actually uses a small portion of the nest: it 
suffices to assume that ~ includes both an increasing sequence and a decreasing 
sequence (and these two subsequences can be scattered anywhere in ~ [14]). 

That is, no matter how complicated the order structure of ~ is, we can always 
have NO = .!l'(£) provided ~ includes two 'nice' portions. On the other hand, if 
T E .!l'(£), and the polynomial hull ae(Tr of the essential spectrum (i.e., the 
complement in C of the unbounded component of C \ ae(T)) has two components, 
a1 and a2 , then we cannot expect to find K compact such that T - K is unitarily 
equivalent to an operator in Nl: with a given diagonal family f = {i\. p} pEl:' unless 
both, 

~1={VE~:ApEOd and ~2={VE~:ApE02} 

(where OJ is a bounded open neighborhood of a1' j = 1,2, and 0 1 n O2 = 0), are 
'sufficiently nice' (see Lemma 6.3 below). 

A few results in the positive direction, and some examples, will illustrate the 
difficulties involved with Problem 6.1. 

LEMMA 6.2. Let Nl: be a gonb nest, and let A E algNl:. Then a(A I At) U a(A.,KJ.) 
c a(Af for all At in Nl:' and every diagonal entry of A belongs to a(Af. 

PROOF. The inclusions a(A I At) c (A)" and a(A.,KJ.) c a(A) ~ for each subspace 
At invariant under A, follow from the main result of [5], applied to A, and to A*. 

Let {ep}PEl: be the ONB generating Nl:' and let At,._= V{ep}p<,., and M,.+= 
V{ep}p",,. (p. E ~). Then At,._ and At,.+ are invariant under A E algNl:' and 
a(A I At,..) U a(AIAt,.+) c a(Af. 

Since 

AIAt = (AIAt,._ ,.+ 0 
* ) At,._ 
a p V{e,.} , 

it readily follows that ap E a(Af. 0 

LEMMA 6.3. Let T E .!l'(£), and let Nl: be a gonb nest. Suppose that 

T = (OTI Tl2 ) £1 
T2 £2' 

where £1 and £2 are infinite dimensional subs paces, and a(Tlf n a(T2f = 0. 
Let f = {A p } pEl: be a totally ordered family of complex numbers such that 

Ap E a(T)" for all v, and let fl = {Ap}. E l:l and f2 = {Ap}p El:2' where ~j = {v E 
~: Ap E a(1})1, j = 1,2. 

Suppose there exists K E f(£) such that T - K == A E algNl: and d(A) = f; 
then both fl and f2 are infinite families, 

A = (AOI Al2)£{ A ,-A1 EBA 2, 
2 £2 

where both, £{ and £{, are infinite dimensional subspaces, a(A) C a(1})", Aj is 
similar to an operator in algNl:j' and d(A) = f1' j = 1,2. 
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Conversely, if f is the disjoint union of two infinite subfamilies, fl and f2 (as 
above), and some compact perturbation of ~ is similar to an operator Bj in alg Nl":j 
such that d(B) = f)' j = 1,2, then there exists K E f(£) such that T - K = A for 
some A in algNl": such that d(A) = f. 

PROOF. Assume that T = UAU* + K, where K E f(£), U is unitary, and 
A E algN with d(A) = f. It follows from Lemma 6.2 that a(A) C a(T) A = 
a(TIfUa(T2f (disjoint union); therefore, 

A = (~I Al2) H{ 
A H" 2 2 

where £{ = £( a(TIf ; A) and £{ = £ e £{. 
Clearly, A - Al e A2 [12, Chapter 3, 19], so that Al e A2 admits a nest of 

invariant subspaces order-isomorphic to Nl":' all of whose gaps are one dimensional. 
Since every invariant subspace of Al e A2 is the orthogonal direct sum of a 
subspace of £{ invariant under AI' and a subspace of £{ invariant under A2 
[17], it is not difficult to deduce that fj is an infinite family, Aj admits a nest 
order-isomorphic to Nl":j' all of whose gaps are one dimensional, and d(A) = fj' 
j = 1,2. By the above-mentioned result of K. Davidson [6], Aj is actually similar to 
an operator in alg Nl":' j = 1,2. 

J 

Conversely, if ~ = ~Bj~* + Kj, where ~ is unitary, Kj E f(.Jfj), Bj E algNl":j' 
and d( Bj ) = fj (an infinite subfamily of ~), j = 1,2, then 

Tl e T2 = (U1 e U2)(B1 e B2)(UI e U2)* + KI e K 2, 

and every operator similar to Bl e B2 has a nest of invariant subspaces order-iso-
morphic to Nl":' all of whose gaps are one dimensional. 

Since KI e K2 E f(£), and T - Tl e T2, it follows that some compact per-
turbation A' = T - K I of T admits a nest of invariant subspaces of that form; 
moreover, d(A') = f. Finally, by using K. Davidson's result [6], we can find W 
invertible of the form U + C (where U is unitary and C is compact) such that 
A = (U + C)-1 A'(U + C) E algNl":' and d(A) = d(A') = f. 

Since K = T - UAU* = K' + [(U + C)A(U + C)-I - UAU*] E f(£), the 
proof is complete. 0 

The result of Lemma 6.2 is the best possible, in general. For instance, if f = Z, 
we can actually have all the diagonal entries of A in a(Af\a(A). 

PROPOSITION 6.4. Let T E 2'(£), and let f = {An}~=-oo be a two-sided sequence 
of complex numbers such that 

(i) all the limit points of f belong to ae(Tf; and 
(ii) card{n < 0: An E O} = card{n > 0: An E O} = No for each open set 0 such 

that 0 n a(Tf"* 0, but 30 n a(Tf = 0. 
Then there exist KEf (£), U unitary, and A E alg Nl": such that 
(1) T = UAU* + K; and 
(2) d(A) = f. 
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Furthermore, if r also satisfies 
(iii) An E CJ(Tr for all n E Z; and 
(iv) card{ n: An = A} = dim .)f'(A; T) for all A E CJo(T) \ CJe(Tr; then, given 

£ > 0, K can be chosen so that IIKII < £, 

(3) CJo(A) = CJo(T); 
(4) if ll. = {A E CJo(T): dist[A, CJe(T)] > £}, then 
.)f'( ll.; UA U*) =.)f'( ll.; T) and UA U* I.)f'( ll.; UA U*) = T I.)f'( ll.; T); 

and 
(5) if A E CJo(T), then dim .)f'(A; A) = dim .)f'(A; T), and A 1.)f'(A; A) -

T 1.)f'(A; T). 

PROOF. By proceeding as in the proof of [13, Theorem 1, 2, §A3.2], given £ > 0, 
we can find Kl E .Jf"(.)f'), with IIKlll < £/4, such that 

( A+ 
T-K1==TeA, A= 0 

where CJ(A+) = CJre(A+) = CJ(A_) = CJle(A_) = CJe(Tr. 
We can write 

* 

where 

(~+ ;J = TeA+, 

To is the compression of T to .)f'([ CJ(T) \ ll./4L T).l. , and T _ = A _ (CJ(T e A +) = 
CJo(T) U CJe(T)~ CJe(T +) = CJre(T +) = CJre(A +) = CJe(Tr, and CJ(T +) C [CJe(T +rJ./4). 

By standard arguments (as in the first part of the proof of Corollary 2.4, in §2), we 
can rapidly reduce the proof of both statements to show that if r satisfies (ii) and 

(i') An E CJe(T) A for all nEZ, 
and 

( B+ B12).)f'+ 
B = 0 B_.)f'_ ' 

where CJ(B+) = CJre(B+) = CJ(B_) = CJle(B_) = CJe(Tr, then there exists K2 E 

.Jf"(.)f'), with IIK211 < £/4, such that B - K2 == B' E algNz' with deB') = r. But 
this is an immediate consequence of Theorem 2.3: 

(a) Apply the theorem to the quasitriangular operator B_ (CJ(B_) = CJle(B_) = 
CJe(Tn and the sequence r_= {An}~_O' in order to find K2_E.Jf"(.)f'_) with 
IIK2-11 < £/4, such that B'-= B_ - K 2- is triangular with d(B'-) = r _. 

(b) Apply the theorem to the quasitriangular operator B~ (CJ(B!) = CJle(B!) = 
CJre(B+)* = [CJe(TrJ*) and the sequence r += (X_n}~=l' in order to find K2\E 
.Jf"(.)f'+), with IIK2*+1I < £/4, such that (B~)* = (B+ - K2+)* is triangular with 
d«B~)*) = r +. 

(Conditions (i') and (ii) guarantee that both constructions are possible.) 
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Now define K2 = K 2+E9 K 2-; then K2 E r(~), IIK211 < e/4, and 

B - K = + 12 +::::: B' E al N ( B' B).Yt', 
2 0 B'-- ~_ g z, 

where d(B') = f. 0 
EXAMPLE 6.5. Let L E .!l'(~_) (R E .!l'(~+)), and assume that a(L) = aw(L) 

(a(R) = aw(R), resp.) is a connected subset of the open left (right, resp.) halfplane 
such that a(L)"(a(R)", resp.) contains the point -1 (+1, resp.). Let T= L E9 R, 
and let f = P'n}~=-oo' where An = -1, or An = 1 for all n E Z. 

Under what conditions on T and on f can we guarantee that, for each e > 0, 
there exists K. E r(~), with IIK.II < e, such that T - K, == A E algNz' with 
d(A) = f? 

The conditions card{n: An = I} = card{n: An = I} = ~o are necessary in all 
cases, and (by Proposition 6.4), the conditions 

card {n < 0: An = -I} = card {n < 0: An = I} 
= card {n > 0: An = -I} = card {n > 0: An = I} = ~ 0 

are sufficient in all cases. 
Assume that A_n = -1 and An = 1 for all n ~ no; then the answer is affirmative 

if and only if L*, R E (QT), -1 E a(L), and 1 E a(R). 
Assume that An = 1 for all n ~ no, but card{n < 0: An = -I} = card{n < 0: 

An = I} = ~ 0; then the answer is affirmative if and only if L * E (QT) and -1 E 
a(L). 

The other cases can be similarly analyzed. Even an example as simple as this one 
produces seven different cases! 

Another interesting case is the one corresponding to a well-ordered family ~. As 
we have already observed, N~ = N~ always coincides with (QT), the class of all 
quasitriangular operators [14], and Corollaries 2.4 and 2.5 completely solve Problem 
6.1 for the case when ~ is the set of all natural numbers. The following analogue to 
Proposition 1.1 can be deduced from [13, Lemma 7 and 14]: 

PROPOSITION 6.6. Let ~ be a denumerable well-ordered family of indices, and let 
A E algN~ (d(A) = {a'}'E~); then 

(i) d(A) c a(A) = a,(A) = alre(A) U Ps.F(A) U ao(A) .. 
(ii) Every nonempty clopen subset of a(A) intersects d(A), and every component of 

a(A) intersects d(A)-; furthermore, if a is a clopen subset of a(A) such that 
an ae(A) =#< 0, then card{p E~: a. E a} = ~o. 

(iii) Every isolated point of a(A) belongs to d(A) n a/A); moreover, if A E ao(A), 
then card { p E ~: a. = A} = dim ~(A; A). 

(iv) If ker(A - A)* =#< {O}, then A E d(A), so that a/A*) is an at most denumer-
able subset of d(A)* = (X: A E d(A)}. 

(v) If A - A is semi-Fredholm, then ind(A - A) ~ O. 
(vi) Let 1 ~ n < m < 00, and assume that ~ = ~1 + ~2 + ~3 + ... +~m (ordi-

nal sum: each element of ~h precedes each element of ~h+l' h = 1,2, ... , m - 1); 
then the families {a.: p E ~h} have a limit point in the same component of p;F(A) for 
at most n distinct indices h, 1 ~ h ~ m. 
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(vii) If ~ has a last element, /3, and a is the last limit ordinal in ~ (so that 
/3 = a + p - 1 for some p, 1 ~ p < 00), then {aa' aa+l' aa+2'···' aa+p-2' aa+p-l 
= aId C op(A*)*. In particular, if aa+j-l E Ps.F(A) (for some j, 1 ~ j ~ p), then 
a a + j -1 is a singular point of the semi-Fredholm domain of A. 

PROOF. Statements (i) through (v) were proved in the above-mentioned references, 
and (vii) follows immediately from Theorem 2.1 and a simple analysis of the matrix 
of A*. 

(vi) If ~ = ~1 + ~2 + ~3 + ... + ~m' then 
Al 

A= h=1,2, ... ,m. 
o 

Am 
Let n be a component of p~.F(A). If d(Ah) has a limit point in n, then it follows 

from (i) that ind(A - A h ) > ° for all A in n. Since 
m 

n = ind(A - A) = L ind(A - A h ) (A En), 
h=l 

it readily follows that {a v : v E ~h} cannot have a limit point in n for more than n 
distinct indices h, 1 ~ h ~ m. 0 

Corollaries 2.4 and 2.5 roughly say that the only restrictions that we have to put 
on the sequence r in order to solve Problem 6.1 for the case ~ = N, are the natural 
ones that we can derive from Proposition 1.1. It is not clear whether the natural 
restrictions that we can derive from Lemma 6.6 will provide a similar answer for the 
case of a more general well-ordered family ~. 

WORK IN PROGRESS. In his article [25], D. R. Larson negatively answered two 
important questions due to R. V. Kadison and I. M. Singer and, respectively, to J. R. 
Ringrose, concerning nests of subspaces included in the invariant subspace lattice of 
a given operator. In this important article, Larson introduced the ideal ~::v of a nest 
algebra alg JV: ~::v is the class of all operators A in alg JV with the property that, 
given E > 0, there exists a (perhaps infinite) family {Il n } of pairwise disjoint 
(open, closed, or semiopen) intervals of [0,1] such that V n E(lln)Yt'= Yt' and 
IIE(An)AE(lln)11 < E for all n (where E(·) is the spectral measure associated to JV). 

Recently, D. R. Larson and the author have obtained spectral characterizations of 
the sets 

~::V= {UAU* + K: Uisunitary, A E~::V, KE.Jf"(Yt')} 
for all possible nests JV. (That is, the analogues for~::V of the results obtained in 
[13, 14] for algJV.) 

If {ed%'=l is an ONB and .At= {{O},[VZ=l{ed]~=l'Yt'}, then~::V is, pre-
cisely, the family of all those operators .91 in .P( Yt') which admit a triangular 
matrix with zeroes in the main diagonal, with respect to the basis. In this case, 
Corollary 2.5 says that 9t::v = (StrQTLl. Thus, ~::v can be thought of as the analog 
of (StrQTLl for an arbitrary nest .At. 
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The main tools for the characterization of Ii:; are, in all cases, Theorem 2.3 and 
its corollaries. Sample results: 

(a) If % is uncountable, then Ii:; = {T E 2'(£): 0 E Ue(T)} 
(b) If % is countable and includes a chain {...K d k E z such that n k ...K k = {O} 

and V k...K k = £, then Ii:; = {T E 2'(£): 0 E Ue(T)A and Ue(T)A is connected}. 
In all cases (in particular, in (a) and (b», Ii:; is a closed subset of 2'(£), 

invariant under similarity and compact perturbations. Indeed, the results in [24] 
include precise information about the cases when arbitrarily small compact per-
turbations of a given operator T belong to {VA V *: V is unitary, A E g;:; }, for a 
given nest %. 
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